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Complex-Valued Signals: a Tutorial for
Non-Circular Data Processing and Analysis

Rafael de Carvalho Bluhm, João César Moura Mota and Charles Casimiro Cavalcante

Abstract—This work explores the versatility of complex-valued
signals present in data representation over diverse applications.
Integrating complex values into signals and processing structures
proves powerful in system modeling, demonstrating effectiveness
in many scenarios. The inherent mathematical efficiency of
complex numbers enhances both elegance and practical utility,
simplifying calculations and expanding capabilities. However, the
use of complex notation introduces considerations related to
the intrinsic geometry of the data. This tutorial unravels the
theoretical foundations and practical applications in adaptive
filtering of complex-valued signals, emphasizing the importance
of understanding the displayed profiles of the studied signals
and data. Using complex augmented notation and widely linear
processing, superior performance is attainable in specific cases,
providing valuable information to readers interested in signal
processing.

Index Terms—Complex-valued signals, widely linear, improper,
augmented.

I. INTRODUCTION

COMPLEX-valued signals, characterized by their real
and imaginary components (or magnitude and phase),

provide a robust and versatile approach to data representation
in diverse application domains. These domains cover a broad
spectrum, including biomedical data processing, radar systems,
mobile communications, wind modeling, quantum mechanics,
and beyond [1]–[6]. The integration of complex values into
signals and their processing structures has become a powerful
tool in signal and system modeling, showcasing effectiveness
in various applications in the field of data and signal process-
ing [7]–[11].

This approach extends beyond the realm of data analysis
and has been influential since the development of complex
numbers. Complex numbers algebra and calculus play a fun-
damental role in simplifying intricate integrals, modeling fluid
flow in dynamics, and designing transmission lines, among
many other applications [12]–[15]. The curious reader might
wonder why complex values are used instead of treating their
real and imaginary components separately. The answer lies in
their rich algebraic structure, which streamlines calculations
while maintaining concise and elegant notation. This structural
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advantage not only saves researchers time and effort, but also
broadens the analytical possibilities beyond those offered by
real numbers alone. As such, the mathematical efficiency of
complex numbers becomes a key factor in both the theoretical
elegance and practical effectiveness of the methods in which
they are employed [16].

The use of complex notation brings several advantages, but
it also introduces a new factor to be considered: the intrinsic
geometry of the data, which comes from the representation in
two components [17], [18]. As will be seen in this work, the
profile of the data (the distribution of the data over the complex
plane) concerning its real and imaginary components can
significantly influence the performance in signal processing.

A. Road-map to the present

Knowledge is inherently dispersed, as it gradually accu-
mulates through the efforts of various researchers across
different locations and time periods. This dispersion makes
it challenging to trace the origin of specific ideas. In this
work, we begin our exploration by tracking the definition of
the complex Gaussian distribution, a concept that is crucial
for the analysis of circularity and complex adaptive filtering.
One of the first discussions on this topic can be found in [19].
These ideas were later applied to statistics for the first time
in [20], and since then, numerous studies across various fields
have further developed this topic.

The main point, and the focus of the present work, is the
treatment of non-circular distributions in signal processing,
which has not been addressed in previous works despite being
one of their principal tools. Only in [21] is perhaps the first
mention of the term proper. This work deals with complex
processes and shows that the maximum differential entropy is
attained for a complex vector if it is “proper” and zero-mean
Gaussian. The article also defines the term circular stationarity
of a process.

One of the seminal works on the study of circularity
properties (the ratio aspect between the real and imaginary
components of the complex signal) is done in [22]. This
study concludes that classical estimation methods must nat-
urally handle circular vectors. The paper also suggests that,
to achieve better results, the theory should be modified to
account for cases where the signal vectors are not circular.
The subsequent work, by the same author, in [23], utilizes the
definition of widely linear transformations to estimate complex
signals, considering second-order statistics. This approach,
used to this day, is the simplest method that successfully
captures all the necessary second-order statistics (correlation
and the so-called pseudo-correlation, as will be discussed



JOURNAL OF COMMUNICATION AND INFORMATION SYSTEMS, VOL. 40, NO.1, 2025. 48

later). The same work represents an attempt to adapt the
theory that was previously missing in the resolution related
to estimation. The author also published additional important
articles on the topic in [24], [25].

In [26], a comprehensive description of circular (and non-
circular) distributions is provided geometrically. This work
shows that the circularity coefficient, which is based on
second-order statistics, has a direct geometric interpretation:
the magnitude is related to the eccentricity and the phase to
the angle of the complex Gaussian ellipse. Since then, highly
regarded books have been published on the subject of complex
signals and the consideration of non-circularity in the design
of adaptive structures or neural networks, as seen in [27]–[29].

Many other publications have been produced since then, as
can be seen in [30]–[34]. Fig. 1 shows the timeline of some
of these publications in chronological order.

1993

1994

1995

2008

2009

2010

2010

2012

2014

2018

Proper complex random processes
with applications to information theory, F. Neeser and J. Massey

On circularity, B. Picinbono

Widely linear estimation
with complex data,, B. Picinbono and P. Chevalier

On the circularity of
a complex random variable, E. Ollila

Complex valued nonlinear adaptive filters:
noncircularity, widely linear and neural models, D. Mandic and V. S. L. Goh

Statistical Signal Processing of Complex-Valued Data:
The Theory of Improper and Noncircular Signals, P. Schreier and L. Scharf

Adaptive Signal Processing:
Next Generation Solutions, T. Adali and S. Haykin

An adaptive approach for the identification
of improper complex signals, B. Jelfs, D. P. Mandic, and S. C. Douglas

Optimization and Estimation of Complex-Valued Signals:
Theory and applications in filtering
and blind source separation, T. Adali

An Augmented Complex-Valued Least-Mean
Kurtosis Algorithm for the
Filtering of Noncircular Signals, E. C. Mengüç and N. Acır

Fig. 1. Timeline for some publications related to the topic.

B. Objectives of this study in complex signal processing

Building on these considerations, this tutorial explores the
essential theoretical foundations and practical applications of
adaptive filtering in the field of complex numbers, considering
the complex structuring and operation of data that can be
represented in this form. Our goal is to clarify the challenges
associated with this type of processing, highlighting its signif-
icance in extracting meaningful information from the data. We
will demonstrate that by using a specialized notation (complex
augmented) to represent the data, along with a specific pro-
cessing structure (widely linear), superior performance can be
achieved compared to conventional complex filtering.

This tutorial is structured to guide the reader through the
basic fundamentals of complex signal processing and some
adaptive techniques for the effective analysis of complex
signals. The techniques described here can be applied to other
constructions or models of particular interest to the reader.
Fig. 1 shows a timeline that presents various books and articles
related to the theme published in the correlated areas of signal
processing. This timeline was constructed based on key articles
recommended for reading leading up to the current work and
does not imply any specific preference or ranking on the part
of the author. For a more comprehensive and extensive list,
the reader can and should refer to the bibliography at the end
of this document.

C. Organization
This work is structured to provide a comprehensive intro-

duction to discrete signal processing, with a focus on non-
recursive adaptive filters and a special emphasis on processing
complex signals with distinct profile characteristics. To estab-
lish the foundational concepts of filtering and signals, Sections
Sections II and III explore the fundamentals of discrete linear
filters and their typical applications. This introduction serves
as the basis for the comparisons made throughout the paper,
where the design of conventional filters will be contrasted with
an alternative approach that considers the specific characteris-
tics of the signal profile.

In Section IV, we introduce the concept of Wirtinger
calculus, a fundamental algebraic and calculus tool used
when dealing with complex variables. This method employs a
value and its conjugate as variables, along with derivatives
with respect to these variables. It is crucial for the reader
to comprehend this section, as the notation throughout the
paper is based on it, facilitating the algebraic manipulation
of complex expressions. At the end of the section, the optimal
solution for the design of filters developed in the preceding
section using this notation is presented.

Section V explores the concept of circularity (or its ab-
sence), which is a broader notion, as well as that of propri-
ety/impropriety, a more specific definition based exclusively
on second-order statistics. These terms are intrinsically re-
lated to the complex profile of the signal, categorizing them
into two essential groups throughout the development of the
work: signals referred to as proper and signals referred to as
improper. The second-order statistics characterizing complex
signals include covariance, a concept already employed in the
usual complex optimal solution (Section IV-F), and pseudo-
covariance, which must be taken into account when the signal
is said to be improper. In the conclusion of the section, it is
detailed how the signals used in simulations will be modeled
considering the signal profile.

Section VI presents the design of a discrete transversal filter
capable of taking into account both covariance and pseudo-
covariance. This design is based on an expression called
widely linear, hence the origin of its name. This filtering
process is based on the linear combination of the signal with
its conjugate value.

Section VII emphasize some of the fundamental numerical
tools applied in linear and widely linear processing, aiming
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to achieve optimal solutions iteratively. Recursive algorithms
are expressed in complex notation and subsequently applied
in simulations in Section IX. The objective is to make a
comparison between linear and widely linear methods in the
realm of discrete processing, considering the mean square error
in the design of discrete adaptive filters. This work concludes
with the insights drawn from the simulations presented in this
section.

As this work concludes, it seeks not only to provide valuable
findings but also to engage and captivate the reader. By
introducing these insights, we invite the reader to explore
the research, either to expand their knowledge in the field
or simply out of curiosity. We hope that this article sparks
interest and encourages readers to join and contribute to the
ongoing exploration and advancement of this area of study.

D. Notation

Before examining the main topics of the tutorial, it is
advisable to cover a brief section on the notation used. We
have opted for a notation commonly employed in books and
scientific articles in the signal processing field. In summary,
the following scheme has been employed:

• Deterministic scalars are written in lowercase, without
bold.

• Random scalars and Z-transforms are written in upper-
case without bold.

• Vectors are represented in lowercase bold.
• The matrices and vectors of the random variables are

represented in bold uppercase letters.
• The letter “j” is reserved for the imaginary unit, that is,

j =
√
−1. The operation (·)∗ denotes the conjugation,

where, for z = x+ jy, its conjugate is z∗ = x− jy. This
conjugation operation can be performed element-wise on
vectors and matrices.

• (·)T , (·)H , and (·)−1 represent the operations of trans-
position, transposition plus conjugation, and inversion,
respectively.

• The modulus | · | of a complex number z = x + jy is
given by |z|2 = zz∗.

• Augmented vectors and matrices, as will be seen, are
denoted by an underline below the corresponding letter.

• Z, R, C, and F represent the sets of integers, real
numbers, complex numbers, and some arbitrary field,
respectively.

Examples:
• Scalar: x.
• Z-transform of a signal y[n]: Y (z).
• Vector: v.
• Matrix: A.
• Transpose of matrix A: AT .
• Modulus: |z|2 = zz∗.
• Augmented vector: v.
As we progress through the tutorial, the notation will

become familiar and clear to the reader, enhancing compre-
hension. This notation provides a concise and standardized
framework for discussing key concepts and techniques. In the
following sections, we will use this established notation to

explore the theoretical foundations and practical applications
of adaptive filtering for complex-valued signals.

We now turn to the next section, which focuses on the
design of discrete linear filters.

II. DISCRETE LINEAR FILTER DESIGN

Filtering is a key operation in signal processing. From
a mathematical modeling perspective, a filter is a function
that takes an input signal and produces a processed output
signal [35]–[39], and can be classified according to their
characteristics as:

• Linear or non-linear.
• Discrete or continuous in time.
• Finite impulse response or infinite impulse response.
• Time variant or time invariant.
• Parametric or non-parametric.
The filters examined in this tutorial will be referred to

as transversal filters [40] and will be of the linear, discrete-
time, finite-response and parametric type. Their coefficients
(parameters) during operation will be constant, and thus they
are also time-invariant. During adjustment (while the algorithm
is running), these parameters may vary in terms of the fitting
function over time (parametric model). The details of the
signal and filter model will be discussed in more detail later.

Processing systems generally have the output signal of the
same type as the input signal (either continuous or discrete),
but this is not mandatory. It is possible to construct a system
where a certain type of signal results in another type of
signal. For example, sampling a signal is a process that
converts a continuous input signal into a discrete output signal.
Conversely, it is also possible to reconstruct a signal, allowing
filters where the input signal and the response signal have
different natures [41].

This tutorial will focus on the examination of discrete
complex signals and transversal complex filters, a specific case
of a system where both the input and output signals belong
to the same representation. Each of these will be described in
its respective subsections below.

A. Discrete Modeling

A discrete-time signal is a representation of information that
is measured only at specific time instants. A discrete signal
will only have defined values at specific points along a discrete
sequence of time instants, even if the values taken by the
function can be continuous. Mathematically, a discrete signal
is a function u[n] of the form

u : U ∈ Z→ F.

Here, U represents an interval of integers n ∈ Z. F is the field
considered and this will determine the nature of the signal.
For example, a real signal is characterized by the field F = R,
while a complex signal is represented by F = C. Similarly, a
quaternion signal is given by F = H, and so on.

A discrete signal can be obtained through an operation
called sampling, performed on a continuous signal. The
sampling values are typically evenly spaced in time. Fig. 2
provides a simple illustration of the discretization process for a
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time

u(t)

u[n]

Fig. 2. An illustrative example of discretizing a sine wave u(t)
(blue). The red circles represents the waveform sampled in discrete
time u[n].

real signal, showing the nature of the discrete (red) in contrast
to its continuous counterpart (blue). Discrete-time signals will
be represented with brackets in their time variable, for example
u[n]. Signals can have more than one parameter, for example,
u[n,m], but such cases will not be considered in the present
approach. This tutorial will focus specifically on discrete one-
parameter signals, particularly those represented in complex
form as u[n] = x[n]+ jy[n], i.e., signals belonging to F = C.

So far, we have briefly discussed the nature of signals. The
next step is to define the systems used to perform operations
on these signals. This will be accomplished by introducing the
definition of linear systems, which can be used in complex
filtering.

B. Linear Modeling

From a mathematical perspective, the linear filter is the
most basic filter structure in signal processing. In this category,
signals are linearly combined, resulting in an expression that
constitutes a linear discrete difference equation with constant
coefficients [42]. The general structure of a linear filter, with a
single input and a single output (abbreviated SISO), is shown
in Fig. 3. It can be applied to both real and complex discrete
signals, depending on the chosen coefficients ai, bj ∈ F, where
i ∈ {0, 1, . . . ,M − 1} and j ∈ {0, 1, . . . , N − 1}. If real co-
efficients are employed, the structure remains real, whereas
the use of complex coefficients results in a complex structure.
It is important to note that the complex structure employed
is derived through the direct extension of the real structure.
However, it is essential to note that simply using the structure
as an extension of real numbers may not be advantageous in
some cases, as this tutorial seeks to demonstrate. For a more
in-depth analysis of complex signals, the development of new
designs beyond a mere extension of the real structure becomes
necessary. This development will be explored in the following
sections. In this section, we will use the linear structure, which
is a complex extension of the real case, as the foundation for
our analyses.

The blocks labeled z−1 are referred to as unit delays, as they
represent a delay of one discrete-time step in the Z-transform
domain [36]. A unit delay block takes an input signal u[n] and
produces its delayed version u[n− 1].

The combination of inputs and outputs presented in Fig. 3
can be written as

v[n] =

M−1∑
k=0

aku[n− k] +

N∑
k=1

bkv[n− k], (1)

u[n] a0 v[n]

z−1 z−1

a1 b1

...
...

...
...

aM−2 bN−1

z−1 z−1

aM−1 bN

Fig. 3. Diagram of a general discrete linear filter with M × N
coefficients. The input signal is represented by u[n] and the output
is v[n].

Equation (1) is the general form of a filter with a finite number
of coefficients, it is the discrete time mathematical model of a
discrete linear filter. The word “linear” essentially refers to the
type of finite-difference equation obtained. If the coefficients
ak and bk, as well as the signals u (subsequently v), are all
real, the filter is called a real linear discrete filter. If they are
complex, the filter is referred to as a discrete linear complex
filter.

Linear discrete filters can be categorized into two main
types: filters with infinite impulse response (IIR) and filters
with finite impulse response (FIR). This classification will be
discussed in the following section.

C. IIR and FIR Filters

An infinite impulse response (IIR) filter depends not only
on current and past input values but also on past outputs,
through feedback terms scaled by coefficients bk. This feed-
back structure results in an impulse response that theoretically
extends infinitely over time, as described in Equation (1). The
general expression, where bk ̸= 0 for some k, corresponds to
an autoregressive moving average (ARMA) model.

In contrast, the filters employed in this tutorial are finite
impulse response (FIR) filters, which constitute a special case
of IIR filters where all feedback coefficients bk are zero. FIR
filters rely solely on a finite number of past inputs and do not
incorporate feedback. They are also referred to as transversal
filters and correspond to a moving average (MA) model.

Applying FIR modeling condition to Equation (1) and
renaming the input constants as1 ak = w∗

k, we obtain the
general expression of the transversal filter,

v[n] =

M−1∑
k=0

w∗
ku[n− k] . (2)

1There is no issue in considering the coefficients as conjugates beforehand.
If such consideration is not made, the solution obtained for the filter will be
the conjugate of the case where such consideration was made.
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Note that the expression of a transversal filter results in
a finite impulse response, as it depends solely on a linear
combination of current and past input samples. This character-
istic ensures that the filter’s output settles to zero after a finite
number of time steps following the application of an impulse
input. This finite impulse response ensures inherent stability
and predictable behavior, making FIR filters particularly ad-
vantageous in a wide range of signal processing applications
[43], [44].

The previous expression can be condensed by
representing the coefficients as a column vector
w = [w0 . . . wM−1]

T and the signal as a column vector
u[n] = [u[n] . . . u[n−M + 1]]

T , both being complex and
of dimension M . The expression provided in (2) can now be
written as

v[n] = wHu[n]. (3)

The parameter M , denoting the number of coefficients, is
termed the “size” or “length” of the transversal filter. A visual
representation of this configuration is illustrated in Fig. 4.

u[n]
z−1 z−1 . . . z−1

w∗
0 w∗

1 w∗
2 w∗

M−2 w∗
M−1

. . .

v[n]

Fig. 4. Discrete FIR transversal filter of size M . This filter corre-
sponds to the left side of Fig. 3 and does not depend on output values
at any instant.

The transversal filtering described in Fig. 4 can be graphi-
cally abstracted as illustrated in Fig. 5, where the input signal
u[n] passes through the set of filter coefficients w, resulting in
the output signal v[n]. This abstraction serves as an important
building block in adaptive structures designed for complex
signals.

u[n] w v[n]

Fig. 5. Example of a signal u[n] at some instant n filtered by a FIR
(transversal) denoted by w, resulting into a scalar signal u[n].

Transversal filters will serve as the fundamental model
throughout this tutorial.

Fig. 6 elucidates the interconnection between each category,
presenting a visual guide to our exploration.

We have progressed through each category, and now we
will examine the specifics of complex linear transversal filters,
simply referred to as transversal filters. In the next section,
we will explore in more detail the applications in which
these filters can be employed, such as system identification,
equalization, prediction, and noise cancellation.

III. TRANSVERSAL FILTERING CONFIGURATIONS

This section covers some fundamental applications where
transversal filters find extensive use. Among these applica-
tions, we highlight system identification, equalization, pre-
diction, and noise canceling. In addition, different types of

Parametric
Filter

Non-Linear Linear

Continuous
Time

Discrete
Time

IIR FIR

Transversal

Fig. 6. Diagram for the definition of the transversal filter, valid for
real or complex parametric filters. Note that in other terminations,
there may be branches not shown here.

cost strategies and algorithms, which play a crucial role in
these applications, will be discussed. The goal is to provide a
comprehensive understanding of the diverse ways transversal
filters are used, along with the evaluation criteria that guide
their implementations in specific scenarios.

We will explore four basic filter configurations as described
in [45]. The complex error is a scalar denoted by eL[n]
(L indicates that the error originates from a linear filter
configuration). This error is used by some adaptive algorithm
for the recursive adjustment of the filter coefficients, which
is indicated in the figures by a dashed line. The input signal
of the filter is denoted by u[n] and the output by v[n]. The
“desired” (or training) signal is represented by d[n], and the
filter is characterized by the coefficient vector w.

A. System identification

In system identification, the transversal filter is used to
linearly approximate a system (e.g. communication channel)
that one wants to estimate. Note that this approximation is a
linear representation with minimal error. Fig. 7 illustrates this
configuration.

ν[n]

Input
Channel

Output

eL[n]

v[n]u[n]

d[n]
+

−

w

Fig. 7. Usual configuration for a channel identification. The mini-
mization of error turns the filter (indicated as w) a linear estimated
copy of the channel.

Here, the input signal u[n] fed both: the channel h[n]
(unknown) and the adaptive filter with coefficients w. The
channel output is d[n] = u[n] ∗ h[n] + ν[n], where ν[n] is
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additive noise. The filter output is v[n] = wTu[n]. The linear
complex error eL[n] = d[n] − v[n] is the difference between
the channel output and the filter output.

Identifying an unknown system allows the creation of
mathematical models and parameter estimation to represent
the behavior of that system.

B. Channel Equalization

The equalization process, illustrated in Fig. 8, is designed
to make the linear filter act as the inverse of the specified
channel. The objective is to ensure that the signal emerging
from the channel closely resembles the original transmitted
signal.

ν[n]

Input
Channel

Output

Delay

eL[n]

u[n]

d[n− T ]

v[n]

−

+

w

Fig. 8. Usual configuration for a channel equalization. The mini-
mization of error turns the filter (indicated as w) a estimated copy
of the channel in some cases).

The input signal x[n] passes through a channel characterized
by its impulse response h[n], resulting in the received signal
u[n] = x[n]∗h[n]+ν[n], where ν[n] represents additive noise.
The filter, defined by the coefficient vector w, processes u[n]
to generate the output v[n] = wTu[n]. The error signal is then
computed as eL[n] = d[n − T ] − v[n], where d[n − T ] is a
delayed version of the original input signal x[n] and serves as
the desired response.

In this case, finding the filter coefficients is equivalent to
approximating the inverse of the system, providing a mathe-
matical approach to computing the inverse of the convolution
process through an iterative method.

Equalization is a fundamental operation that aims to ensure
accurate and high-quality reception of information transmitted
through a communication channel at the receiver side.

C. Prediction

In linear prediction, the goal is to forecast future signal val-
ues using past samples via an adaptive filter, typically achieved
through an iterative method. The filter possesses the ability to
adapt its coefficients, aiming to minimize prediction errors.
Fig. 9 depicts the configuration for the predictor indicated by
w.
The input signal d[n] is delayed by one sample through a
unit delay z−1, resulting in u[n] = d[n − 1]. The transversal
filter w, processes u[n] to generate the predicted signal v[n] =
wTu[n]. The prediction error is defined as eL[n] = d[n]−v[n],
where x[n] is the desired signal (current sample).

Input
z−1

Output

eL[n]

u[n] v[n]

−

+

w

Fig. 9. Usual configuration for a signal prediction. The coefficients
w are adjusted by minimizing the prediction error eL[n], which is
determined by the signal and its delayed version.

D. Noise canceling

In noise canceling, the goal is to estimate and remove the
noise that has contaminated a desired signal; see Fig. 10. Let
s[n] represent the desired signal. The noise is present in both
inputs, but due to the different locations of the sensors, we
observe two distinct input signals:

• the primary signal: d[n] = s[n] + ν0[n],
• the reference noise signal: u[n] = ν1[n], correlated with

ν0(n).
The error is defined as eL[n] = d[n] − ν̂0[n], where

ν̂0[n] = wHν1[n] is an estimate of the noise derived from
ν1[n], the output approximates the clean signal s[n] with the
noise effectively suppressed.

Output

eL[n]

d[n] = s[n] + ν0[n]

u[n] = ν1[n] ν̂0[n] +

−w

Fig. 10. Usual configuration for noise canceling.

The examples presented so far illustrate the versatility of
transversal linear filters, demonstrating various applications
that employ the same coefficient structure represented by w.
In the following, we discuss different types of cost function,
namely scalar functions of the error, which provide a crite-
rion for adjusting the filter coefficients during the adaptation
process.

E. Error Minimization and Cost Functions

In adaptive filtering processes, either using iterative algo-
rithms or direct solutions, coefficient adjustment is typically
carried out through error e[n], which is used to construct a
function to be minimized (or sometimes maximized). This
function is known as the cost function (or objective function),
denoted here by the letter J . The search for critical points
of this function leads to optimal solution parameters (local at
least and, in the case of quadratic expressions, global). Some
commonly used examples of such functions include:
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• CMSE - Complex Mean Squared Error. It uses the abso-
lute mean square error at each time step as the function
to be minimized. Its an extension of MSE to complex
cases,

JCMSE = E[|e[n]|2], (4)

where |e[n]|2 = e[n]e∗L[n].
• CNMSE - Complex Normalized Mean Squared Error. Its

normalizes the above CMSE by the energy of desired
signal,

JCNMSE =
E[|e[n]|2]
[|d[n]|2]

.

• CMAE - Complex Mean Absolute Error. Mean of abso-
lute samples of error at a given instant,

JCMAE = E[|e[n]|].

• Gaussian Entropy Criterion - Described in [46], defined
as

JENT =
[
E{|e[n]|2}

]2 − |E{e2[n]}|2.
These are just a few examples of cost functions. Here we
conclude the exploration of the basic knowledge of cost func-
tions. Understanding these functions is crucial for optimizing
the performance of filters in various applications.

The next natural step involves employing these cost func-
tions to directly, or by iterative methods, calculate the filter
coefficients, as previously mentioned. To achieve this, it is
essential to dedicate time to studying a few of complex
calculus. The effort invested in understanding these definitions
upfront will save time during subsequent calculations, allowing
us to conduct all computations in the complex domain. In the
upcoming section, we will explore the realm of complex cal-
culus, an indispensable tool for advanced analyses in complex
adaptive filtering.

IV. WIRTINGER CALCULUS

In the preceding section, we discussed various cost functions
that lead to the minimization of the error. Now, we investigate
the Wirtinger calculus, also known as the CR calculus, which
serves as an exceptional tool for calculating derivatives of
expressions that depend on complex numbers. This calculus
allows for manipulation and optimization without the need for
a tedious expansion to real components.

In all the filtering schemes illustrated earlier, the error is
defined as e[n] = d[n]−v[n], where the filter output is given by
v[n] = wHu[n]. Consequently, the cost function (as described
in Section III-E) become a function of the filter coefficients,
that is, J = J (w). This function is real-valued (minimization
requires an ordered field) with a complex variable w. Since
this type of function is not holomorphic [12], [47], it requires
special treatment provided by the Wirtinger calculus [48].

Toward the end of this section, we apply the Wirtinger
calculus to calculate the optimal solution for the transversal
filter, providing a practical example of its utility.

A. Basics of Wirtinger Calculus

The Wirtinger calculus is useful for calculating derivatives
of functions with complex variables, streamlining the notation,
and circumventing the need to rewrite all calculations in
terms of their real and imaginary components. The name pays
homage to the German mathematician Wilhelm Wirtinger, who
developed this technique [48].

Let f be a complex function with variable w = x + jy,
where x, y ∈ R, whether holomorphic or not. The fundamental
concepts of Wirtinger calculus can be summarized in two
points:

• Express functions, whether real or complex, in terms of
the complex variable w along with its conjugate w∗.
Treat both the variable and its conjugate as independent
variables and write the function f as f(w,w∗). We refer
to the augmented variable as w = (w,w∗), using an
underline below the corresponding letter to denote such
pairs. This new variable w belongs to the space denoted as
C2

∗, which represents a complexified isomorphism of R2

(or equivalently C, since complex numbers are also iso-
morphic to R2). Here, C2

∗ is a subspace of C2, consisting
of pairs (w,w∗) where w∗ is the complex conjugate of w.
Unlike a general element of C2, where both components
can be arbitrary complex numbers, elements of C2

∗ are
constrained by this conjugation relationship, effectively
reducing degrees of freedom to match those of R2.

• Facilitate the calculation of derivatives for functions ex-
pressed as described in the previous item by applying the
standard rules of calculus. This is achieved with the aid
of the operators defined as

∂

∂w
≜

1

2

(
∂

∂x
− j

∂

∂y

)
,

∂

∂w∗ ≜
1

2

(
∂

∂x
+ j

∂

∂y

)
.

(5)
Intuitively, the derivative ∂f/∂w measures the sensitivity
of f with respect to the “holomorphic direction” of w,
while ∂f/∂w∗ captures the sensitivity in the “antiholo-
morphic direction”. Hence, the presence of derivatives
with respect to w∗ indicates that the function is not holo-
morphic, but still differentiable in the Wirtinger sense.
These operators enable the computation of the gradient,
divergence, Laplacian, and other mathematical operators
involving complex numbers directly in complex notation,
without requiring explicit expressions in terms of real
components [16].

Wirtinger calculus is particularly essential in complex-
valued signal processing because it eliminates the need to
decompose complex variables into their real and imaginary
parts, which can complicate derivative calculations. In appli-
cations like the optimization of complex transversal filters,
this approach not only simplifies the mathematical formulation
but also reduces computational overhead, making it indispens-
able for efficient algorithm design in fields such as wireless
communications and adaptive filtering [29], [49]. Wirtinger
calculus is also very relevant for operations on holomorphic
and non-holomorphic functions, especially for the latter case
in which the functions of the real components have no relation
to those of the imaginary components of the complex function,
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thus not satisfying the Cauchy–Riemann conditions [16], [48].
This is the case for complex functions that have only the real
or imaginary part.

As a illustrative example, let’s consider the function
f(w) = |w|2. When expressed in terms of w and w∗, we
have f(w,w∗) = ww∗. This function can also be repre-
sented as f(x, y) = x2 + y2 through the change of variables:
x = (1/2)(w + w∗) and y = (j/2)(w∗ − w). Calculating the
derivative of f with respect to the complex variable w by
treating it as a usual independent variable, we obtain

∂f(w,w∗)

∂w
=

∂

∂w
(ww∗) = w∗ .

Similarly, with respect to the conjugate component w∗,

∂f(w,w∗)

∂w∗ = w .

These calculations can also be performed using the right-hand
side of the expressions in (5), which produces the same results.
It is important to note that, although w and w∗ are not truly
independent variables (since w∗ is the complex conjugate of
w), Wirtinger calculus treats them as formally independent
from a functional standpoint. This is valid as long as the
function is differentiable as a function of two real variables x
and y, thus enabling more flexible and algebraic manipulation.

The relationship between the variables in either their real
or augmented forms is described by a complex transformation
matrix,  w

w∗

 =

x+ jy

x− jy

 =

1 j

1 −j

x
y

 . (6)

The matrix present in the above expression is denoted as

Ts =

1 j

1 −j

 , (7)

represents the transformation R2 → C2
∗ that maps the canon-

ical vectors e1 = [1 0]T and e2 = [0 1]T to the complex
vectors [1 1]T and [j − j]T , respectively.

The transformation matrix Ts presented in Equation (7)
represents the central role in mapping real coordinates (x, y) ∈
R2 to the augmented complex variable w = (w,w∗) ∈ C2

∗.
This matrix is invertible, with inverse given by T−1

s = 1
2T

H
s ,

since TsT
H
s = 2I.

Geometrically, Ts defines a linear transformation that aligns
the real plane with the complex domain under the conjugation
constraint, thus enabling the use of Wirtinger calculus, which
treats w and w∗ as independent variables. This is critical
when computing gradients of real-valued functions defined on
complex variables. A more detailed mathematical analysis on
this topic can be found in [28], [50].

B. Extension to the Multivariate Complex Case

The principles of Wirtinger calculus can be extended to
functions of multiple complex variables. Consider a complex
vector w =

[
w1 w2 . . . wN

]T ∈ CN , where each com-
ponent is expressed as wk = xk + jyk, with xk, yk ∈ R

for all k ∈ {1, 2, . . . , N}. The augmented complex vector
can be constructed by stacking the complex vector w and its
conjugate as

w ≜

w

w∗

 =



w1

...

wN

w∗
1

...

w∗
N


2N×1

. (8)

It is also common to employ a notation in which the vector is
formed by alternating values with their complex conjugates,
denoted

◦
w =

[
w1 w∗

1 · · · wN w∗
N

]T
. This notation,

as seen in works such as [51], [52], provides an alternative
representation. Similarly, a linear transformation can relate w

to
◦
w, however, for consistency and clarity, this tutorial will

adhere to the notation presented in equation (8).
Similarly to the case described in (6), there exists a complex

matrix that relates the augmented vector to the real one byw

w∗

 =

I jI

I −jI

x
y

 . (9)

Here, I represents the identity matrix of dimension N × N ,
and the complex vector is denoted as w = x + jy, with
x =

[
x1 x2 . . . xN

]T
and y =

[
y1 y2 . . . yN

]T
,

both in RN . Equation (9) can be expressed more concisely
in terms of the augmented variable w and the real composite
vector r =

[
xT yT

]T
as

w = Tr, (10)

where the complex transformation matrix is

T =

I jI

I −jI

 , (11)

with the inverse given by T−1 = 1
2T

H . The matrix T relates
the linear space R2N to the space denoted by C2N

∗ . Fig. 11
illustrates the transformation visually.

Remember that, in this representation, we have C2N
∗ ⊂

C2N . The augmented space C2N
∗ can be decomposed as

C2N
∗ =W1,0 ⊕W0,1,

where the symbol ⊕ denotes the direct sum of the subspaces
W1,0 and W0,1 [53]. The complex-linear subspace W1,0 is
defined as

W1,0 =

{[
w
0

]
: w ∈ CN

}
,

and the subspaceW0,1, consisting of conjugate-linear (or anti-
linear) components, is given by

W0,1 =

{[
0
w∗

]
: w ∈ CN

}
.
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R2N C2N

(x,y) T
w

w∗

W0,1

W1,0

Fig. 11. Illustration of the mapping from the real space R2N to the
augmented complex space C2N

∗ ⊂ C2N . The real plane, represented
by the rectangle on the left, is mapped into the direct sum of the
linear subspace W1,0 (solid line) and the conjugate-linear subspace
W0,1 (dashed line) on the right. These subspaces span the image of
the real data in the augmented space, i.e., in C2N

∗ = W1,0 ⊕W0,1.
Note that although the subspaces W 1,0 and W 0,1 are represented
as lines in the figure, they are complex spaces, and the depiction is
schematic.

Complex augmented vectors play a significant role in statistical
modeling and in the design of augmented filters, which are
capable of capturing the pseudo-correlation of the received
signal, as will be further explored in subsequent sections.

One can define the column operators as

∂f

∂wT
=


∂f
∂w1

...
∂f

∂wN

 and
∂f

∂wH
=


∂f
∂w∗

1

...
∂f

∂w∗
N

 , (12)

where each element is a Wirtinger operator as given in (5). It
is also possible to define the row versions of (12) as

∂f

∂w
=

[
∂f
∂w1

. . . ∂f
∂wN

]
and

∂f

∂w∗ =
[

∂f
∂w∗

1
. . . ∂f

∂w∗
N

]
.

(13)
The definitions presented in (12) and (13) are preferable
because they allow for straightforward algebraic manipulation
of complex vector expressions. In this approach, the complex
variable appearing in the denominator is differentiated in the
function on which the operator acts. This permits treating w,
w∗, wT , and wH as independent variables, enabling direct
application of differentiation rules and simplifying symbolic
manipulations in complex-valued functions.

As a simple example to illustrate the use of vector deriva-
tives, consider the function

f = wHRw, (14)

a quadratic form commonly encountered in optimization prob-
lems. Let w ∈ CM and R ∈ CN×N . We can write

∂f

∂wH
=

∂

∂wH

(
wHRw

)
,

treating wH as an independent variable with respect to w.
In this case, we apply the standard differentiation rules for
monomials, which yields

∂f

∂wH
= Rw.

Note that ∂f/∂wH is constructed from the components
∂f/∂w∗

k, for k = 1, . . . , N , arranged to form a column vector.

This ensures that the result of the derivative operation is a
column vector, which is consistent with the expected outcome.

Using the same function given in (14), we can compute the
derivative with respect to the holomorphic component as

∂f

∂w
=

∂

∂w

(
wHRw

)
= wHR,

which results in a row vector, consistent with the standard
differentiation rules. Alternatively, to compute the derivative
∂f/∂wT , we consider the transposed version of the quadratic
form, which remains unchanged due to its invariance under
transposition. In fact, we have

f = wHRw =
(
wHRw

)T
= wTRTw∗,

and thus the derivative is

∂f

∂wT
= RTw∗.

The expression represents the column vector associated with
the derivative. Similarly, using the form in (14) for the
remaining case, we have

∂f

∂w∗ =
∂

∂w∗

(
wTRw∗) = wTRT .

This result can also be verified by performing the derivative
component-wise. Moreover, the row derivatives could have
been obtained from their corresponding column versions (and
vice versa), since the expressions in (12) and (13) satisfy the
relationships(

∂f

∂wT

)T

=
∂f

∂w
and

(
∂f

∂wH

)T

=
∂f

∂w∗ , (15)

by construction. It is important to note that the previous
equalities (15) hold for transposition, which is valid for any
scalar complex function.

More generally, when taking the Hermitian these equalities
only hold if f = f∗, i.e. f ∈ R, in this case we can write(

∂f

∂w

)H

=
∂f

∂wH
and

(
∂f

∂w∗

)H

=
∂f

∂wT
.

In the next section, we introduce the derivatives in their
augmented form, which make use of the vector operators
discussed so far.

C. Augmented Expressions

Building upon this approach, one can define another pair of
derivatives with respect to the augmented variable by placing
each row derivative (13) side by side as

∂f

∂w
=

[
∂f
∂w

∂f
∂w∗

]
(16)

or defining the Hermitian version by making a new column of
operators from (12),

∂f

∂wH
=

 ∂f
∂wH

∂f
∂wT

 . (17)
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This approach extends naturally to the real composite case,
where the derivatives of a function f(r) can be expressed as

∂f

∂r
=

[
∂f
∂x

∂f
∂y

]
=

[
∂f
∂x1

. . . ∂f
∂xN

∂f
∂y1

. . . ∂f
∂yN

] (18)

and

∂f

∂rT
=

 ∂f
∂xT

∂f
∂yT

 =



∂f
∂x1

...
∂f
∂xN

∂f
∂y1

...
∂f
∂yN


. (19)

Using the matrix defined in (11), it is possible to relate
equations (17) and (19) through the following identity:

∂f

∂rT
= TH ∂f

∂wH
. (20)

D. Second order Expressions

The adopted notation can also be extended to second-order
operators. An important example is the Hessian, which can be
represented using the operators defined in the previous section.
Consider (19) as a column vector operator acting on (18). This
allows the Hessian of a real function f to be written as

H =
∂

∂rT
· ∂f
∂r

=

 ∂
∂xT

∂
∂yT

[
∂f
∂x

∂f
∂y

]

=

 ∂
∂xT · ∂f∂x

∂
∂xT · ∂f∂y

∂
∂yT · ∂f∂x

∂
∂yT · ∂f∂y

 ,

(21)

at some point where second-order derivatives exist. Each
element of the matrix (21) can be evaluated as follows:

∂

∂xT
· ∂f
∂y

=


∂

∂x1

...
∂

∂xN

[
∂f
∂y1

· · · ∂f
∂yN

]

=


∂2f

∂x1∂y1
· · · ∂2f

∂x1∂yN

...
. . .

...
∂2f

∂xN∂y1
· · · ∂2f

∂xN∂yN

 .

(22)

The matrix of second-order derivatives can also be constructed
using the complex operators (17) and (16) with respect to a
real function of complex variable as

∂

∂wH
· ∂f
∂w

=

 ∂
∂wH

∂
∂wT

[
∂f
∂w

∂f
∂w∗

]
. (23)

Equations 22 and 23 can be correlated using the matrix T,
provided that the function is real. This form is related to the
Hessian in its augmented complex form, as will be seen later.

E. Example: Applying Complex Augmented Notation

Consider the real quadratic scalar function f(w) with
complex vector variable w given by

f(w) = c+wHa+ aHw +wHCw, (24)

for c ∈ R, a constant vector a ∈ C and C is a Hermitian
matrix, i.e. C = CH . This function frequently arises in the
context of minimizing the mean-square error for complex
filters. Now, we will derive the column derivative of f , given
by (24), with respect to the conjugated variable wH ,

∂f

∂wH
= a+Cw,

This result is a column vector, obtained by treating the variable
to be differentiated, wH , as independent of w while using the
usual calculus rules.

Similarly, the derivative of (24) with respect to the conjugate
variable w∗ can be calculated. However, the expression must
be rewritten in an equivalent form in terms of w∗ as

f(w) = c+ aTw∗ + aHw +wTCTw∗.

Taking the derivative on both sides with respect to w∗ in the
previous equation,

∂f

∂w∗ = aT +wTCT .

This result now represents a row vector (the sum of the row
vectors aT and wTCT ). As mentioned before, this notation
is quite practical, because the variable to be differentiated is
explicitly written in the operator. Moreover, it consistently
follows the same rule in both its column vector and row vector
forms.

Continuing our exploration of the function f presented in
(24), we can compute second-order derivatives using the same
procedure as before. For instance, we will find the expression:

∂

∂wH
· ∂f
∂w

.

Starting with the first derivative

∂f

∂w
= aH +wHC,

which is a row vector expression. The next derivative with
respect to the Hermitian variable, that is, a column operator,
operates as a matrix multiplication with the last expression
resulting in a matrix form given

∂

∂wH
· ∂f
∂w

= C.

This is consistent with the expected dimension of the operation
performed.

The table I below summarizes the use of each operator
in relation to the given linear and quadratic forms. The left
column presents the values of the function f . The upper row
indicates the operators to be applied to these values.

After some development regarding Wirtinger calculus, it is
possible to apply it in the optimization of complex transversal
filters. The next topic explores the derivation of the optimal
(Wiener) filter expression obtained by minimizing the mean
square error.
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Table I: Table for some applications for vector Wirtinger operators.

f ∂
∂w

∂
∂w∗

∂
∂wT

∂
∂wH

aHw aH 0 a∗ 0

wHa 0 aT 0 a

wHCw wHC wTCT CTw∗ Cw

F. The Wiener-Hopf solution

Armed with the fundamental principles of Wirtinger calcu-
lus, we can now unveil the optimal solution for transversal
filters utilizing complex parameters. The calculations closely
mirror those in the real domain, eliminating the need for sep-
arate treatment of real and imaginary components. Exploiting
this simplification, we proceed to derive the expression for the
optimal filter based on the mean square error cost function.

Utilizing the transversal filter depicted in Fig. 4, where u[n]
represents the input signal, w denotes the filter coefficients,
and v[n] is the output signal, we can express the error as

e[n] = d[n]− v[n]. (25)

This error expression serves as the basis for minimization in
any of the configurations presented. Using the mean squared
error, described in Equation(4), as the cost function,

JCMSE = E{e[n]e∗[n]} = E{(d[n]− v[n])(d∗[n]− v∗[n])} .

During the adjustment, the filter coefficients are variables,
and the expression for the output is a function of the filter
coefficients, v[n] = wHu[n].

A common practice is to assume that the input and desired
signal have a zero mean. This assumption facilitates some
calculations. Due to this, we will make this assumption from
now on. Substituting this into the earlier cost expression, we
can derive the error expression in terms of the coefficients,

JCMSE(w) = E{|d[n]|2} − E{d[n]uH [n]}w
−wHE{d∗[n]u[n]}+wHE{u[n]uH [n]}w.

(26)

To simplify the notation, we can rename the expressions of
expectations as follows: the scalar variance of the desired
signal (assumed to have zero mean) as E{|d[n]|2} = σ2

d, the
cross-covariance vector between the desired signal and the
received signal as

p[n] = E{d∗[n]u[n]} =


E{d∗[n]u[n]}

...

E{d∗[n]u[n−M + 1]}


M×1

,

and the covariance matrix of the input signal as

C[n] = E{u[n]uH [n]}

=

[ E{u[n]u∗[n]} ··· E{u[n]u∗[n−M+1]}
...

. . .
...

E{u[n−M+1]u∗[n]} ··· E{u[n−M+1]u∗[n−M+1]}

]
.

(27)

The covariance matrix is a M ×M Hermitian matrix that is
positive semidefinite [45]. We will use the term “covariance”

for these second-order measures not normalized by standard
deviations [54]. We will also avoid the use of the term “cross”
as a prefix if it is clear that it refers to the covariance between
two different signals (as in the case of p). Thus, expression
(26) is composed of monomials of covariances: one scalar of
the desired signal, two involving the desired signal and the
input signal, and also one that employs a matrix form of the
input signal.

The expression for the cost function (26) now can be written
in its simplified form,

JCMSE(w) =σ2
d[n]− pH [n]w −wHp[n]

+wHC[n]w.
(28)

This equation represents a quadratic form, given by the
positive semidefinite Hermitian matrix C[n], allowing the
calculation of a global minimum for coefficients w. The
statistics in σ2

d[n], p[n], and C[n] are characteristics of the
training signal and the received signal, which makes w the
variable that can be adjusted. Using the expression for the
Hermitian derivative, Equation (12), in the cost function given
by Equation (28),

∂JCMSE

∂wH
(w) = −p[n] +C[n]w . (29)

Assuming the ergodicity of the training signal [55], for desired
signal and for noise, the statistics remain constant, it is possible
to write C[n] = C and p[n] = p for any instant n. There is
no issue in considering the training signal in this way since
its design is determined by the designer.

Finding the optimal point (the point where the derivative
vanishes) for the expression (29) we must have the optimal
coefficients given by

wopt = C−1p. (30)

This expression is known as the Wiener-Hopf equation, named
after the mathematicians Norbert Wiener and Eberhard Hopf,
who made significant contributions to the development of
filtering theory and the solution of optimal filtering problems
[56].

The optimal solution has a problem which is the presence
of the inverse of the covariance matrix of the filter’s input
signal. Iterative techniques are preferable and extensively use
the gradient expression given in (29). Another issue when
considering complex signals is the information loss when only
considering the covariance matrix in solution. This is due to
the transversal filter scheme used, which does not capture other
important information that a complex signal may possess. The
next section examines these details, showing that complex
signals should have their properties defined in a more general
manner, not just by the covariance matrix.

V. SECOND ORDER STATISTICS

When dealing with complex signals, it is crucial to consider
certain aspects of their second-order statistics [57]. This is par-
ticularly relevant because Gaussian distributions are frequently
employed to characterize signals, particularly in the context
of noise modeling [58]. In this section, we explore in greater
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depth second-order statistics and their implications in complex
signal analysis.

Considering a complex zero mean scalar signal u[n] as-
sumed to be ergodic, its scalar covariance with a delay of m
samples is expressed as

ru(m) = E{u[n]u∗[n−m]} . (31)

Along with this definition, the covariance matrix for the
regressive vector of M samples of (31) can be represented
by

C =


ru(0) ru(1) . . . ru(M − 1)
r∗u(1) ru(0) . . . ru(M − 2)

...
...

. . .
...

r∗u(M − 1) r∗u(M − 2) . . . ru(0)

 , (32)

which is equivalent to the matrix described in Equation (27).
For a complex signal represented by u[n] = x[n] + jy[n],

the expression for the covariance at m = 0 in terms of its
components is

ru(0) = E{x2[n]}+ E{y2[n]}.

We can define rx(m) = E{x[n]x[n−m]} and
ry(m) = E{y[n]y[n−m]}. Using these definitions, we
obtain an expression that relates the signal’s correlation to its
correlation components at m = 0,

ru(0) = rx(0) + ry(0).

Certainly, if the components rx(0) and ry(0) are known, it
is possible to obtain the covariance ru(0) for the complex
signal u[n]. However, the reverse is not feasible; rx(0) and
ry(0) cannot be deduced solely from ru(0). Some additional
information is necessary, even for any given value of m. The
missing piece that connects real and complex representations
is the concept of pseudo-covariance, sometimes referred to as
complementary covariance [59] or the relation matrix element
[24], defined as

τu(m) = E{u[n]u[n−m]}. (33)

The previous expression is similar to the definition (31), but
the conjugate is not taken here. Evaluating equation (33) for
m = 0 one should obtain

τu(0) = rx(0)− ry(0) + 2jrxy(0). (34)

The value rxy(m) = E{x[n]y[n − m]} is the covariance
between real and imaginary components. With the expressions
(31) and (34) in hand, it is now possible to relate the real and
imaginary components to the complex version. It also becomes
explicit that the correlation expression (31) does not take
into account the covariance between the real and imaginary
components: This represents an important information that is
not utilized in the solutions of the optimal filter or gradient as
calculated before.

Before examining a filter capable of capturing the behavior
of pseudo-covariance, it is important to spend more time on
the fundamental concepts and properties of complex signals,
particularly their circularity and related properties. This will
be addressed in the next section.

A. Circularity and properness of a complex signal

A complex discrete signal, which is the focus of this
tutorial, is a discrete time sequence formed by its real and
imaginary parts [35], [36], [45]. A signal is also associated
with measurement uncertainties, external noise, channel dis-
tortions, etc. Therefore, a signal received by a certain device
has a probability (distribution) associated with it. The signal
distortions, along with the need to recover the original signal,
are precisely one of the reasons that justify filtering operations.

The fact that a complex signal is a sequence with two
components that can be associated with probability distri-
butions allows for statistical study. A signal of this type
may have a distribution associated with each component, but
generally signals with the same type of distribution in each
component are considered here, even if the parameters are not
the same. We will also begin the study of complex notation
in statistics, specifically focusing on distributions and second-
order moments. With these concepts defined, it becomes more
practical to characterize signals in complex notation, similar to
what was done in Section IV-A with the calculus of Wirtinger.

Consider a complex random variable of the form Z = X +
jY : ΩX×ΩY → C, where both X : ΩX → R and Y : ΩY →
R are real random variables [60]. The symbol Ω represents the
event space corresponding to each variable in the subscript. It
is important to note that due to the impossibility of ordering in
the complex field, the probability densities p are calculated as
joint variables between X and Y , that is, pZ(z) ≜ pX,Y (x, y)
[28], [49], [61], [62].

Two fundamental concepts interrelated in complex signal
analysis are circularity and properness [21], [22], [26]. The
general descriptions of these concepts are condensed as fol-
lows.

• Circularity (also includes the concept of noncircularity):
In simple terms, a complex variable Z = X + jY is said
to be circular if its probability distribution is the same
as the distribution of its rotated version ejϕZ for every
ϕ ∈ [−π, π). This definition requires that all moments
associated with the distribution are equal in the real and
imaginary parts, for any moment order. Also, the cross-
moments are zero. Non-circularity is the opposite of this
definition.

• Properness (associated with the concept of impropri-
ety): Consider only second-order statistics and allow for
easy characterization of bivariate Gaussian distributions
(whether scalar or vector). The properness takes into ac-
count only second-order moments, i.e. a signal is said to
be proper (second-order circular) if its pseudo-correlation
is zero: this makes the cross real second-order moment
zero and the real second-order moments equal in each
component.

For Gaussian distributions, both the concepts of circu-
larity and properness are equivalent because these distribu-
tions are characterized only by second-order statistics and
the mean [63]. As an example, consider a bivariate Gaus-
sian distribution denoted by N (µ = 0,ΣXY ) where µ =[
µX = 0 µY = 0

]T
is the mean vector composed of the
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means of each component and

ΣXY =

[
rX rXY

rXY rY

]
(35)

is the real covariance matrix associated. The probability den-
sity function that represents the distribution is given by

pXY (x, y) =
1

π(det[Σxy])1/2
exp

{
−1

2
[x y]Σ−1

xy

[
x
y

]}
.

(36)
By the previous definitions, a Gaussian distribution is said to
be proper if rXY = 0 and rX = rY . One possible measure of
how circular or elliptical the Gaussian distribution is, in terms
of its components, is given by the real coefficient of circularity
(real version, indicated by subscript r)

ρr =
rXY√
rX
√
rY

. (37)

with |ρr| ≤ 1. More precisely,

ρr =
rXY − µXµY√

rX − µ2
X

√
rY − µ2

Y

,

for a distribution that is not centred on the origin. The
expression in (37) is also known as the Pearson coefficient
[64]–[67], representing the relationship between the cross-
component and each energy component of the distribution.

The covariance in terms of the complex random variable
Z = X + jY , similar to the equation (31), is

rZ = E{ZZ∗} = E{|Z|2} = rX + rY .

The pseudo-correlation, according to (34),

τZ = E{Z2} = rX − rY + j2rXY .

Note that each value of pseudo-covariance can be a complex
number, whereas covariance values are always real. It is
interesting to define a new complex circularity coefficient
instead of the real Pearson. Taking the definition used in
[26], [57], we have the expression of the complex correlation
coefficient as

ρc =
E{Z2}

E{|Z|2}
=

τZ
rZ

. (38)

The absolute values of ρc are normalized, i.e. 0 ≤ |ρc| < 1
[46]. The complex coefficient (38) is related to the real
coefficient (37) according to [26] by

ρr =
Im{ρc}√
1− Re{ρc}

.

It is possible to construct the augmented correlation matrix
directly by taking the correlation of the augmented complex
random variable Z =

[
Z Z∗]T and its hermitian as

Σ = E
{[

Z
Z∗

]
·
[
Z∗ Z

]}
=

[
rZ τZ
τ∗Z r∗Z

]
. (39)

The distribution (36) in terms of augmented variables using
the augmented correlation (39) is

pZ(z) =
1

π(detΣ)1/2
exp

{
−1

2
[z∗ z]Σ−1

[
z
z∗

]}
, (40)

highlighting the use of complex coordinates to represent the
real Gaussian distribution. In the particular case where the
variable is proper, we must have τZ = 0. This implies
conditions rXY = 0 and rX = rY simultaneously. The density
is then expressed as in [62] by

pZ(z) =
1

πrz
exp

{
− 1

rz
|z|2

}
.

The contour lines for Equation (36), equivalent to the expres-
sion in (40), are illustrated in Fig. 12. This figure features the
contour plot for two Gaussian distributions with zero mean:
one circular, depicted in Fig. 12(a), and another with a real
circularity coefficient ρr = 0.8, presented in Fig. 12(b).

(a) (b)

Fig. 12. Contour lines for a zero-mean Gaussian with rz = 2.
In (a), the value of ρr = 0 indicates the circularity of the
distribution, while in (b) with a value of ρr = 0.8, it shows a
non-circular (elliptic) distribution.

B. Augmented Correlation Matrix and Process

The concepts developed so far can be used to extend the
analysis to multidimensional random variables (or processes),
similar to what was developed in section IV-A. This will be
done here because it also introduces important notation that is
used in non-circular signal analysis.

For a given random column vector Z = X + jY ∈ CN ,
where each component X and Y is a real random variable with
zero mean, there is a compact way to write the augmented
correlation matrix, with the help of the complex augmented
vector defined at (8). We can construct the random version
as Z =

[
ZT ZH

]T
and define the complex augmented

covariance matrix as

C = E{ZZH} =
[
E{ZZH} E{ZZT }
E{ZZT }∗ E{ZZH}∗

]
=

[
C C̃

C̃∗ C∗

]
2N×2N

.

(41)

Notice that C (without the underline) is the complex co-
variance matrix as seen before, obtained directly from the
complex transversal filter design (which, instead of using a
generic Z random vector, uses the signal as a vector). The
matrix C̃ is called the pseudo-covariance matrix. The use of
the tilde (˜) above the matrix symbol is commonly employed to
denote complementary matrices (pseudo-matrices concerning
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impropriety), and it will be used here as well. The complex
augmented matrix C is important in the definition of widely
linear filters and can be obtained directly from its structure,
as will be seen later.

The components of (41), each with dimension N × N ,
written in terms of the real components of the complex vector,
are

C = E{XXT }+ E{YYT }+ j
(
E{YXT } − E{XYT }

)
C = CXX +CY Y + j(CY X −CXY ),

and
C̃ = CXX −CY Y + j(CXY +CY X).

In the case in which the vector is proper (second-order
circular) the pseudo-covariance vanishes, that is, C̃ = 0.

It is possible to characterize discrete-time Gaussian pro-
cesses that vary over time through scalar covariance, which
can be seen as a discrete convolution between the signal and
its complex conjugate. Pseudo-covariance can be viewed in
the same way without the conjugation operation. For a scalar
value Z[n], each element of the correlation is

r[k,m] = E{Z[k +m]Z∗[k]} − E{Z[k +m]}E{Z∗[k]},

and for the pseudo-correlation is

r̃[k,m] = E{Z[k +m]Z[k]} − E{Z[k +m]}E{Z[k]} .

If r̃z[k,m] = 0 for every pair [k,m], the process is said to
be proper. If the mean is zero, the correlation coincides with
the covariance of the processes. For a zero-mean WSS (Wide-
Sense Stationary) process, one can write

r[k,m] = r[m]

and
r̃[k,m] = r̃[m],

depending only on the time interval between samples. For a
process that can be modelled by a Gaussian WSS process, it
has the property that r[m] = rZ and r̃[m] = τZ for all m.

Complex signals can be modeled as discrete-time processes:
this is why the study of these processes is fundamental. The
next topic details the signal model that will be adopted in
the simulations in this tutorial, allowing for easy parameter
adjustment and facilitating the understanding of the models
used.

C. Signal modeling

To model and reproduce the simulations performed in this
work, it is recommended to adopt a signal model defined by
parameters. By adjusting these parameters, one can obtain a
multitude of distributions, and for a specific set of values, you
can achieve a circular (or non-circular) profile for a process
(signal). This standard signal is constructed here with the
general form of the adopted process in [49] with the presence
of rotation factor as

Z[n] = ejφ
(√

1− ρ2A[n] + jρB[n]
)

. (42)

In this model, the complex process (signal) Z[n] comprises
the real components A[n] and B[n], both of which are scalar
WSS processes with the same distribution. In the standard
case, each process has a zero mean and, in general, is not
correlated one with the other. The deterministic tuning param-
eters ρ and φ are: the profile ratio 0 < ρ < 1, representing
the weight assigned to each component and the variable
φ ∈ (−π, π], indicating the rotation of this profile. The
signal can also be expressed as Z[n] = X[n] + jY [n], where
X[n] = ejφ

√
1− ρ2A[n] and Y [n] = ejφρB[n], facilitating

visualization on a real/imaginary axis pair.
The relation between the profile ratio/angle present in

equation (42) and the complex circularity coefficient (38) for
a WSS process is given by

ρc = (1− 2ρ2)ej2φ. (43)

In the case of signals A[n] and B[n] in (42) being uncorre-
lated, both being Gaussian signals with zero mean and unitary
variance, this implies that the covariance matrix of a vector
of M samples of Z[n] is C = I, and the pseudo-covariance
matrix is C̃ = ρcI, where I represents the identity matrix with
dimension M×M . This result is similar to that found at [49],
with the exception of rotation φ.

One can remember that in the case of a proper process,
ρc = 0, which is equivalent to τZ = 0. This value for ρc
leads to a profile ratio of ρ = 1/

√
2 for all φ, and the

components will be multiplied by the same factor and also
will be uncorrelated.

D. Simulation for Signal and Noise

To illustrate the behavior of complex signals, we performed
numerical simulations and computed second-order statistics.
Fig. 13 and Fig. 14 display Gaussian signals and their statis-
tics, while Fig. 15 shows the 4QAM pattern. In all cases, a
set of 2 × 103 points was used and a similar analysis was
employed to examine the profiles and histogram together with
the covariance and pseudo-covariance figures.

The initial experiment used a circular Gaussian signal,
as defined by the expression (42). For this process, both
components, A[n] and B[n], have zero mean and unitary
variance. Fig. 13(a) displays the profile of all realizations
for the case where ρ = 1/

√
2. The signal histogram is

presented in Fig. 13(c), which illustrates the frequency of
values concerning the spatial distribution. The covariance
values, seen as a convolution of the signal with itself, are
shown in Fig. 13(b). In particular, the nearly nonexistent
pseudo-covariance is observed in Fig. 13(d), as expected in
the circular case. Pseudo-covariance of data is the indicator
for testing the properness.

Fig. 14 depicts a similar analysis for the non-circular signal
with the profile illustrated in Fig. 14(a). The histogram is
presented in Fig. 14(c). In Fig. 14(b), the covariance is shown
and in Fig. 14(d), the pseudo-covariance is displayed. The
presence of a significant value at zero lag in the pseudo-
covariance suggests that the signal is non-circular.

An example can be illustrated using a pair of 4QAM signals
plus noise, as depicted in Fig. 15. Both signals in the figure
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(a)

(b)

(c)

(d)

Fig. 13. Zero mean Gaussian circular signal. In (a), the profile
of the signal is displayed. Figure (b) shows the corresponding
histogram. (c) presents the covariance as a function of lag (hor-
izontal axis), while panel (d) illustrates the pseudo-covariance
versus lag, which is nearly zero, consistent with the properties
of a circular Gaussian signal.

(a)

(b)

(c)

(d)

Fig. 14. Zero-mean Gaussian non-circular signal. In (a), the
time-domain profile of the signal is displayed. Panel (b) shows
its histogram. Panel (c) presents the covariance as a function of
lag, and (d) illustrates the pseudo-covariance, also as a function
of lag, which now exhibits significant values, indicative of
second-order non-circularity.

exhibit circular noise modelled by the expression (42) with a
scalar factor N = 10 as

Z[n] = ejφ
(√

1− ρ2A[n] + jρB[n]
)
/N. (44)

Like in the last experiment, A[n] and B[n] have a Gaussian
zero-mean distribution with unitary variance.

Fig. 15(a) shows the profile of the first 4QAM simulation.
Its covariance is shown in 15(b) and its pseudo-covariance in
15(c). As expected, the symmetric 4QAM signal is proper, as
can be seen in the pseudo-correlation graph. In the bottom
row of the figure, the same is done for the second 4QAM
realization, now with ρ = 0.3 and φ = 0, which generates an
improper signal with profile 15(d), indicated by the pseudo-
correlation shown in 15(f).

Simulations are crucial because they illustrate the char-
acterization of signals through their second-order statistics.
The presence of a non-residual value (energy) for pseudo-
covariance, as depicted in Fig. 14(d) and Fig. 15(f), indicates
the existence of information (the variance between real and
imaginary parts) that can be considered in the processing of
the considered signal.

The filter depicted in Fig. 4 is unable to capture the pseudo-
covariance using the mean squared error (MSE) cost function,
which can pose a problem as some information may be lost.
The next section presents a filter model that can capture
the pseudo-covariance of a signal even when utilizing the
quadratic error function. This model of adaptive transversal
filter is referred to as the widely linear filter.

VI. COMPLEX AUGMENTED TRANSVERSAL FILTER

In Section II-C, we explored the transversal filter with
complex coefficients, demonstrating its capability to handle
complex signals in various configurations, although an explicit
iterative solution was not provided. It is important to note that,
despite its versatility, this filter design does not account for
the statistical characteristics associated with the non-circularity
exhibited by the signals, a point that has been emphasized
throughout. To address this limitation, we introduce a novel
approach, rather than merely extending the real transversal
filter to the complex domain.

This leads us to the concept of the widely linear filter, a
pivotal design for the analysis of complex signals. It pro-
vides an expression that incorporates both covariance and
pseudo-covariance matrices, addressing the limitations of the
conventional transversal filter. With this filter model and the
use of augmented notation, we can derive expressions similar
to those obtained in conventional complex filtering (Section
IV-F). These expressions yield optimal coefficients and will
be demonstrated at the end of this section.

A. The Widely Linear modeling

One way to deal with pseudo-correlations that may be
present in certain types of signals is to use a different scheme
than what has been employed before. The chosen design is a
configuration composed of a pair of transversal filters working
together, as shown in Fig. 16. The blocks indicated by g
and h are complex transversal filters with size M each, as
described in Fig. 4 (abstracted in Fig. 5). The block indicated
by the dashed line in the figure represents the composite filter,
denoted here by the symbol wc. This configuration is called
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(a) (b) (c)

(d) (e) (f)

Fig. 15. Distribution of 4QAM in two cases:(a) circular and (d) non-circular. In (b), The covariance of the circular signal
version. (c) The pseudo-covariance of the circular version of signal. (e) The covariance of the non-circular signal. (f) The
pseudo-covariance of the non-circular version of signal.

u[n]

(·)∗

g

h

v[n]

wc
u∗[n]

Fig. 16. Configuration of a widely linear transversal filter. The input
signal is split into its non-conjugated component, processed by the
transversal filter g, and its conjugated component, obtained via the
(·)∗ block, processed by the transversal filter h. The outputs are
summed to produce the signal v[n].

a widely linear filter, and is named so because of the form of
its output,

v[n] = gHu[n] + hHu∗[n]. (45)

Equation (45) represents a linear combination of the input
signal and its conjugate, utilizing filter coefficients. Note that
this expression is linear in C2M for the variables wc and u[n],
but non-linear in the signal space CM , where u[n] resides. This
non-linearity arises from the conjugation operation, as shown
in Fig. 16.

Remember that the two complex transversal filters which

compose the system can be represented by vectors with
complex coefficients, g =

[
g0 g1 . . . gM−1

]T
and

h =
[
h0 h1 . . . hM−1

]T
with gk, hl ∈ C, ∀k, l ∈

{0, 1, . . . ,M − 1}.
Similarly to what was done in Fig. 5, the filter design can

be abstracted into a box that provides a widely linear output
as shown in Fig. 17. When the structure is represented in this

u[n] wc v[n]

Fig. 17. Abstraction design for a widely linear filter. The augmented
signal u[n] is filtered by a pair of transversal filters, represented by
the box wc, resulting into a scalar signal v[n] = gHu[n]+hHu∗[n]

.

way, it is important to make it clear which configuration is
used at each moment to avoid confusion. In order to avoid
this in this work, we will always state which structure is used
at the moment: the usual one for the transversal structure in
Fig. 4 and the widely linear one for the one shown in Fig. 16.

As we conclude this topic, a pertinent question may arise:
can the widely linear filter be effectively employed in the
configurations illustrated in Fig. 7, Fig. 8, Fig. 9, and Fig.
10, among others? The answer is affirmative, albeit with con-
siderations: the widely linear filter proves particularly useful
when pseudo-correlation is a significant concern. In scenarios
where pseudo-correlation is less critical, the transversal filter
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may suffice.
Before examining the application of the widely linear filter

in the aforementioned configurations, it is crucial to understand
how the optimal coefficients are calculated concerning the
given input and output. This aspect will be explored in the
subsequent section.

B. The Widely Linear Optimal Solution

The widely linear filter design shown in Fig. 16 produces a
signal output v[n] given by expression (45). This output can
be used, for example, to minimize the mean square error in the
same way as was done in Section IV-F to obtain the optimum
filter coefficients. Before that, it is important to compress the
widely linear output expression into a shorter notation,

v[n] =
[
gH hH

] u[n]

u∗[n]

 = wH
c u[n].

Here, wH
c =

[
gH hH

]
is a compose complex vector and

u[n] is the augmented complex vector of the input signal. The
subscript ‘c’ will be used to name composite vectors that are
constructed by placing one complex vector over the other. Note
that the augmented vector is a particular case of a composite
vector and should not be confused with it.

The expression for the filter error in relation to a training
signal d[n] is

eWL[n] = d[n]−wH
c u[n].

Here, the WL subscript emphasizes that the error is derived
from a widely linear filter.

With the error expression in hand, we can define a cost
function that represents the mean squared error, analogous to
(4). The widely linear mean-square error is given by

JWLMSE = E{(d[n]−wH
c u)(d[n]−wH

c u)∗}. (46)

To develop the previous equation, it is convenient to define,
in addition to the scalar variance already mentioned σ2

d =
E{|d[n]|2}, the expressions for:

• The complex cross-covariance composite vector is

pc[n] = E

d∗[n]

 u[n]

u∗[n]

 =

 p[n]

q∗[n]

 ,

where p[n] = E{d∗[n]u[n]}, q[n] = E{d[n]u[n]}.
• The augmented covariance matrix for the input signal is

C[n] =

C[n] C̃[n]

C̃∗[n] C∗[n]

 ,

with C[n] = E{u[n]uH [n]} and C̃[n] = E{u[n]uT [n]}.
Considering the statistics of a WSS process in which the
correlations do not vary with time, the obtained cost function
(46) can be written as

JWLMSE = σ2
d − pH

c wc −wH
c pc +wH

c Cwc . (47)

The expression obtained in (47) has the same format as
the complex expression in (28). With this, we can obtain

the expressions for the derivative (gradient) and the optimal
solution (in terms of the minimum mean square error).

Recall that the set of deterministic coefficients is a com-
posite complex variable that can be considered as a regular
complex variable with twice the dimension. By differentiating
the previous expression (47) with respect to this variable (Table
I), one obtains the expression for the adaptive gradient,

∂JWLMSE

∂wH
c

= −pc +Cwc (48)

The gradient equation is noticed to have the same form as the
one developed for the usual complex case (29). With regard to
the components, the reader can easily verify that the previous
equation is equivalent to the system,{

∂JWLMSE
∂gH = −p+Cg + C̃h

∂JWLMSE
∂hH = −q∗ + C̃∗g +C∗h

. (49)

The expression for the optimal coefficients, which is the
zero of (48), will also maintain the format of its non-
augmented version and can be written by

wopt
c = C−1pc. (50)

The same optimal solution could be found while solving the
system equation in (49). The compose vector notation adopted
for the augmented filtering not only saves ink but also allows
for easy algebraic manipulation, as long as care is taken when
using the relationships developed in section IV-A.

Note that the optimal widely linear solution has the same
form as the optimal complex linear expression in (30), but now
takes into account pseudo-correlation as well as composite
cross-correlation. The optimal solution here presents the same
problem as the one found in the linear case: the presence
of a matrix inversion. In the augmented case, the operation
becomes more costly due to the dimension of the augmented
correlation matrix C, which is twice that of the complex
correlation C (if the size M of the linear filter w is kept the
same for each filter g, h that composes the widely linear filter).
To overcome the inversion obstacle, the next topic discusses
some methods used for the complex case that can be adapted
for the widely linear case.

VII. ITERATIVE METHODS FOR TRANSVERSAL FILTERS

In Sections IV-F and VI-B, optimal solutions for both the
complex and augmented versions of the transversal filter were
developed. In both cases, it would be highlighted that an
exact solution was infeasible due to the computationally costly
matrix inversion required. The importance of the gradient,
which represents the derivative of the cost function, was also
emphasized. To mitigate the computational costs associated
with the computation of matrix inversion, iterative techniques
are often preferred [68], [69]. This section explores some
principles of these techniques to address these challenges.

The iterative approach begins with an initial estimate and
proceeds to perform a series of calculations to refine the
estimate until specific stopping criteria are met. Given a
complex vector w of arbitrary size (wc for the WL filter or w
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for a linear complex filter, for example), an iterative process
of first order can be expressed using a difference equation,

w[n+ 1] = w[n] + ∆w[n]. (51)

Starting from an arbitrary initial value w[0], the method
successively iterates over n until the stopping condition is
satisfied. ∆w[n] represents the update that should be applied at
each iteration. What differentiates a specified algorithm from
the other is how the update is calculated.

This principle can be extended directly to the augmented
case with

w[n+ 1] = w[n] + ∆w[n]. (52)

The augmented notation better encapsulates the definitions that
we will see for the gradients, making it the preferred choice.

Algorithms that utilize the gradient as an adjustment factor
typically express the increment factor as

∆w[n] = −2µ[n]M−1(w[n])
∂f

∂wH
(w[n]). (53)

Here, M(w[n]) is an augmented matrix, and ∂f/∂wH(w[n])
denotes the gradient of the cost function f at the point w[n].
The real scalar µ[n] that adjusts the size of the increment for
each iteration is called the step (or learning) factor.

The algorithms that employ the matrix M can be classified
into two main categories, depending on the choice of this
matrix:

• If M is equal to the identity matrix I, the algorithm is
known as the gradient descent method.

• When M is equal to the augmented Hessian matrix H of
the cost function, the algorithm is known as the Newton
method. The Hessian represents the second derivative and
is used to obtain curvature information of the surface
curvature of the cost function.

Fig. 18 illustrates this categorization as a set map. Recall that
these methods can contain a multiplicative constant µ = µ[n],
assumed constant from now on without loss of generality.
A too large step size can lead to oscillations around the
optimal solution, while a too small step size can result in slow
convergence of the algorithm.

Iterative Method

w[n+ 1] = w[n] + ∆w[n]

Gradient Method

∆w[n] = −2µ[n]M−1[n] ∂f
∂wH (w[n])

Newton
Method

Gradient
Descent

M = HM = I

Fig. 18. Sets that categorize the main methods utilizing the gradient
as a parameter adjustment method.

A. The General Gradient Augmented Expression

Here we develop the iterative expression (52) and the
adjustment factor (53) based on equivalent real methods using
the relationships described in Section IV-A.

Let r =
[
xT yT

]T
be a real R2M compose vector, the

general method for optimizing a real function f is given by
the iterative method.

r[n+ 1] = r[n]− µM−1(r[n])
∂f

∂rT
(r[n]). (54)

in which M(r[n]) (without underline) is a real positive definite
matrix at point r[n]. By multiplying both sides in (54) from
left by the matrix T (11) we obtain the expression

Tr[n+ 1] = Tr[n]− µTM−1(r[n])
∂f

∂rT
(r[n]). (55)

From now on, we will avoid overloading the notation used,
and for this purpose, any term without the specified point will
be considered as in w[n] for augmented and in r[n] in the
real compose case. Applying the gradient transformation (20)
to the expression (55) we can write the update rule

Tr[n+ 1] = Tr[n]− µTM−1TH ∂f

∂wH
. (56)

Finally, applying the coordinate transformation relation (10)
and also through the matrix relation between real and aug-
mented matrices M = 1

2TM−1TH [28], the augmented
version of the update rule (54) can be expressed as

w[n+ 1] = w[n]− 2µM−1 ∂f

∂wH
. (57)

It is important to note that Equation (57) represents an
augmented expression: There is implicit redundancy, since one
component is the conjugate of the other. To make it clearer,
let the inverse of the matrix M, at some arbitrary valid point,
be given by [28]

M−1 =

[
A B
B∗ A∗

]
. (58)

Using (58) above in Equation (57) and taking the first com-
ponent, we have

w[n+ 1] = w[n]− 2µ

(
A

∂f

∂wH
+B

∂f

∂wT

)
, (59)

which is the expression of the complex (non-augmented) gra-
dient. Note that the expressions (57) and (59) are equivalent.
It is important to note that while the augmented version is
redundant, it also becomes more compact, which is why it
was used in Fig. 18.

The multiplicative factor of two that appears in the expres-
sions because of the form of the Wirtinger derivatives can be
incorporated into the step factor or not. Care must be taken
when choosing how to compare it with complex algorithms
that may or may not incorporate this factor [70], [71].
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B. The Gradient Descent

The gradient descent, as shown in Fig. 18, is the case
where the matrix M used is the identity. Using directly
the equation (59) one can determine the expression for the
stochastic gradient for two situations: the complex case and
the widely linear case. The function for which the gradients
are to be calculated from now on is the cost function.

• For the case of the complex linear filter w[n] ∈ CM ,
where M is the size of transversal filter, the gradient
descent update is given by

w[n+ 1] = w[n]− 2µ
∂J
∂wH

. (60)

• In the widely linear case wc, the update rule becomes

wc[n+ 1] = wc[n]− 2µ
∂J
∂wH

c
. (61)

Note that in the case of the widely linear filter, wc is still a
regular complex variable (non-augmented), and in both cases,
the identity matrix is used, maintaining the same format for
the solutions.

Replacing equation (48) into (61), we have the expression
for the cost function JWLMSE as

wc[n+ 1] = wc[n] + 2µ(pc[n]−C[n]wc[n]). (62)

The linear CMSE solution has the same form as the expression
above, simply replacing wc with w, p[n] = pc[n] and C[n]
with C[n] .

The expression (62) in terms of its components

g[n+ 1] = g[n] + 2µ(p−Cg[n]− C̃h[n])

h[n+ 1] = h[n] + 2µ(q∗ − C̃∗g[n]−C∗h[n]).

The entire development could be carried out for g and h
separately, but writing in terms of extended and augmented
vectors makes the development less tedious while maintaining
the solution similar to the usual case.

C. Values for the Step Size

The step size, denoted by µ, is a crucial parameter in
gradient descent and various other optimization algorithms. It
regulates the size of parameter updates in each iteration. There
are two main approaches to the step size. In the first approach,
the step size remains constant throughout the optimization
process. In the second approach, the step size values can
be adjusted during the coefficient adjustment process. In this
topic, we will discuss the different values that can be assigned
to the step size in the context of the widely linear filter. The
appropriate choice of this parameter is critical, as it directly
affects the speed and effectiveness of algorithm convergence.

To analyse the step size, we will rewrite the gradient descent
equation (62) as follows:

wc[n+ 1] = (I− µC)wc[n] + µpc.

Here, the identity matrix I has a size of 2M×2M . By shifting
the filter coefficients in relation to the optimal solution in the

form of vc[n + 1] = wc[n + 1] −wopt
c the previous equation

can be written as

vc[n+ 1] = (I− µC)vc[n].

Diagonalizing the covariance matrix as C = QΛQH and
multiplying both sides by the eigenvector matrix QH we
obtain

QHvc[n+ 1] =
(
QHQ− µQHQΛ

)
QHvc[n]

Lastly, we rename QHvc[n] = ηc[n], allowing for a simplified
form of the expression,

ηc[n+ 1] = (I− µΛ)ηc[n]. (63)

In order to ensure that the iterative method remains con-
vergent, the idea is that during each iteration, the magnitude
of the updates in the parameters ηc does not increase. To
achieve this, the adopted condition is that |1 − µλk| < 1,
for Λ = diag = {λk}

2(M+1)
k=1 . With the condition that the step

size should be positive to avoid changing the direction of the
gradient, we can write the stability condition as

0 < µ <
2

λmax

where λmax is the maximum eigenvalue of the augmented
covariance matrix.

Since computing the eigenvalues can be computationally
expensive, the trace of the matrix is often used. With this, the
stability condition for the step size can be expressed as

0 < µ <
2

λmax
<

2

tr(C)
, (64)

due the relation

tr(C) =

2(M+1)∑
k=1

λk ≥ λmax.

The operator tr denotes the trace of the matrix. This condition
is more restrictive while also ensuring the algorithm’s stability
concerning the step size factor.

The same steps can be applied to the non-augmented
complex case, resulting in

0 < µ <
2

tr(C)
(complex case).

As an exercise, the reader can easily verify this equation.
It is important to note that the maximum step size required

by the widely linear approximation should be smaller than its
linear counterpart if each length of the widely linear case is the
same as that of the linear case. This is because the trace of the
augmented matrix C is greater than the trace of C, resulting
in a decreased convergence speed to achieve stability in the
augmented case.
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D. The Newton Method

The Newton method is an optimization algorithm that uses
second-order information provided by the cost function. The
method takes into account the curvature of the function,
encoded as the Hessian matrix, helping to find the optimal
point.

The advantage of Newton’s method is its ability to approach
a critical point more efficiently than methods such as stochastic
gradient descent. The downside is the computational cost
involved in the calculation and inversion of the Hessian matrix.
For widely linear filters, Newton’s method is based on the
augmented correlation matrix and can be obtained by the
second-order approximation of the Taylor series of the cost
function.

We will employ the second-order approximation of the Tay-
lor series to demonstrate that the Hessian matrix is equivalent
to M. Additionally, we will express Hessian using the second-
order derivative notation as described in (23).

1) Optimal increment with Taylor’s series: The Taylor
series for a real function f in its second-order approximation
in the composite real case r =

[
xT yT

]T
with x,y ∈ RM

around a point r is given by

f(r+ k) ≈ q = f + kT ∂f

∂rT
+

1

2
kTHk. (65)

In the previous expression, q refers to this being a quadratic
approximation, k ∈ R2M is the increment vector to be used
and the matrix H is the Hessian matrix relative to the function
f in terms of the compose vector r, given by (21). With
expression (65) it is possible to obtain the augmented version
using the relationships described in IV-A, which is

q = f + δH
∂f

∂zH
+

1

2
δHHδ, (66)

with
H =

1

4
THHT, (67)

and δ = Tk.
To determine the form of H, we simply need to expand the

expression in (67). With this,

H =
1

4

I jI

I −jI

 ∂
∂xT · ∂f∂x

∂
∂xT · ∂f∂y

∂
∂yT · ∂f∂x

∂
∂yT · ∂f∂y

 I I

−jI jI


=

 ∂
∂wH · ∂f

∂w
∂

∂wH · ∂f
∂w∗

∂
∂wT · ∂f

∂w
∂

∂wT · ∂f
∂w∗

 =
∂

∂wH
· ∂f
∂w

,

(68)

using the adopted notation. The factor of 1/4 is absorbed by the
Wirtinger operators to form the augmented Hessian. With the
Hessian matrix determined, we can continue the development
through the Taylor series. The optimal value for δ is obtained
by the zero of the derivative with respect to the increment of
the expression (66),

∂q

∂δH
=

∂f

∂wH
+

1

2
Hδ = 0.

The optimal increment is

δ = −2H−1 ∂f

∂wH
,

which is the same increment δ = ∆w described in Fig. 18,
in the case of the Newton method.

2) The method applied to linear filter: The previous def-
initions can be applied to the complex linear case using the
cost function given by (28). The components of the Hessian
augmented matrix H, in relation to the coefficients w, for this
cost function are given by

∂

∂wH
· ∂

∂w
JCMSE = C

and
∂

∂wH
· ∂

∂w∗JCMSE = 0.

The Hessian matrix relative to the function JCMSE(w) is

H =

C 0

0 C∗

 , (69)

allowing us to write the iterative expression for the filter case,
with the presence of a step factor, as

w[n+ 1] = w[n]− 2µC−1 ∂

∂wH
JCMSE. (70)

3) The method applied to widely linear filter: The same
procedure can be done for the widely linear filter case con-
sidering the cost function as WLMSE. The components of the
Hessian augmented matrix Hc, in relation to the coefficients
wc, for the cost function (47) are given by the expressions

∂

∂wH
c
· ∂

∂wc
JWLMSE = C

and
∂

∂wH
c
· ∂

∂w∗
c
JWLMSE = 0.

The Hessian matrix relative to JWLMSE(wc) is

Hc =

C 0

0 C∗

 . (71)

The iterative expression for the widely linear filter case can
be expressed as

wc[n+ 1] = wc[n]− 2µC−1 · ∂

∂wH
c
JWLMSE. (72)

Here, the gradient is also given by (48).
Linear and augmented complex development are similar

because both use the standard vector of a complex variable.
However, in the compose case, the complex variable needs to
be divided into two other variables, g and h, implying that
wc must have an even complex dimension (this requirement
is already met by the design of the widely linear filter).

VIII. STOCHASTIC APPROXIMATIONS AND ALGORITHMS

The iterative methods presented in the previous section
provide an alternative to the optimal solutions proposed in
Equations (30) and (50). These optimal solutions suffer from
the drawback of matrix inversion, as mentioned earlier. The
astute reader may have noticed that Newton’s method also
involves matrix inversion in its equations, presenting the same
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issue. Furthermore, all of these methods require computation
of the correlation expectations, which is impractical in real-
world scenarios. This section aims to address these challenges
by transforming the aforementioned iterative methods into
algorithms that approximate the values of covariances and
matrix inverses.

The first algorithm is the LMS (Least Mean Square) algo-
rithm, which is a version of the gradient method considering
real-time data. The last algorithm is the Newton algorithm
that utilizes the matrix inversion lemma for inverse estimation,
following the same process of estimating correlations as the
LMS method.

A. Common Structure of the Algorithms

All the algorithms presented in this section — CLMS,
WLLMS, and the augmented Newton method — share the
same fundamental structure. They operate on discrete-time
signals by using a sliding window of size M . At each iteration,
the algorithm uses the current segment of the signal to compute
the error and update the filter coefficients. The general steps
are as follows:

• Initialization
– Set N as the total number of samples in the input

signal.
– Initialize a vector of coefficients (w or wc) with

zeros.
– Initialize an error vector to store the error values at

each iteration.
– (For Newton’s method) Initialize a covariance in-

verse matrix, typically as an identity matrix.
• Sliding Window Loop

– Iterate over the signal from n = M − 1 to N − 1, to
avoid taking values outside the signal.

– Build the input vector u, and if needed, the aug-
mented vector u.

– Compute the error between the desired signal and
the estimated output.

– Update the filter coefficients based on the algorithm’s
rule (gradient step or Newton update).

• Output
– Return the final filter coefficients and the error signal.

This behavior is illustrated in Fig. 19, where each iteration
processes a segment of the input signal (represented in blue)
and shifts the window one sample to the right. Understanding
this common iterative framework is essential, as it serves
as the basis for all adaptive filtering algorithms discussed
in this work. Readers are encouraged to implement these
routines using programming languages such as Julia [72] or
Python [73]. In the following sections, each algorithm is
presented in details.

B. The LMS Algorithm

This topic explores the widely used least mean square
(LMS) algorithm, a well-known iterative method that serves
as an alternative to obtain optimal solutions without the need
for matrix inversions. Here, we will explore both the complex

n

M points

Iteration
Direction

Signal

Fig. 19. Example of windowing used in recursive algorithms (CLMS,
WLLMS, and Newton). Each iteration takes into account the signal
(blue) contained within the red dashed region for computation and
after this, the window shifts one sample to the right only stopping at
the end of signal.

linear (CLMS) and the widely linear (WLLMS) cases of the
LMS algorithm.

1) The CLMS Case: This algorithm is directly applicable
to the linear configuration illustrated in Fig. (4). The funda-
mental concept behind LMS lies in approximating covariances
through instantaneous approximations in the expression (60).
The estimation process is achieved by considering

p̂[n] = d∗[n]u[n]

Ĉ[n] = u[n]uH [n].

The circumflex accent (ˆ) above each correlation indicates that
it is an instantaneous estimative. It is important to emphasize
that different types of estimation can be applied. However,
in the context discussed, instantaneous estimations are chosen
because they depend solely on the current iteration instant.
With this, we can develop the equation (60) for the cost
function JCMSE using the approximations as follows:

w[n+ 1] = w[n]− 2µ
(
p̂[n]− Ĉ[n]w

)
= w[n]− 2µu[n]

(
d∗[n]− uHw

),
with the error e[n] = d[n]−wHu[n]. The expression can be
simplified to

w[n+ 1] = w[n]− 2µu[n]e∗[n], (73)

which is known as the CLMS algorithm. The following
Algorithm 1 outlines the operation of Complex LMS as a
computer function.

2) The WLLMS Case: Due to the similarity between the
CLMS and WLLMS algorithms, the derivation in the widely
linear case follows the same steps as in the standard linear
case, which is greatly simplified by the use of augmented
complex notation. Firstly, estimating covariances,

Ĉ[n] = u[n]uH [n],

p̂c[n] = d∗[n]u[n].

These estimates are then used to derive the iterative update as

wc[n+ 1] = wc[n]− 2µu[n]e∗WL[n]. (74)

The resulting WLLMS algorithm extends the CLMS case
with a similar structure, as shown in Algorithm 2.
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Algorithm 1 The CLMS algorithm.

Input: u, d, µ,M

N ← total length of signal d (or u)

Initialize the vector w of zeros with length M
Initialize the vector e with size N −M + 1

for n = M − 1 to N − 1 do

u =
[
u[n] · · · u[n−M + 1]

]T
e[n−M + 1] = d[n]−wHu
w← w + µue∗[n−M + 1]
n← n+ 1

end for

return w, e

Algorithm 2 The WLLMS algorithm.

Input: u, d, µ,M

N ← total length of signal d (or u)

Initialize the vector wc of zeros with length 2M
Initialize the vector eWL with size N −M + 1

for n = M − 1 to N − 1 do

u =
[
u[n] · · · u[n−M + 1]

]T
u =

[
uT uH

]T
eWL[n−M + 1] = d[n]−wH

c u
wc ← wc + µue∗WL[N −M + 1]
n← n+ 1

end for

return wc, eWL

The WLLMS operates similarly to the linear case, with the
main difference being the inclusion of dual windowing due
to the structure of the widely linear filter. A sliding window
of size M is applied to both halves of the filter coefficients:
the signal segment used in the first half of wc is conjugately
replicated for the second half.

Following the same procedure based on instantaneous statis-
tics, one can derive the widely linear Newton method. Here,
we focus exclusively on the widely linear version.

C. The Widely Linear Newton Method

In Newton’s method for inverse estimation, it is feasible to
assign an estimated value for the inverse of the augmented
correlation matrix at each discrete time instant. To achieve
this, the covariance matrix is recursively estimated as

Ĉ[n+ 1] = λĈ[n] + u[n+ 1]uH [n+ 1], (75)

where 0 < λ ≤ 1 is the forgetting factor. Using the matrix
inversion lemma [74], the inverse of (75) can be expressed as

Ĉ
−1

[n+ 1] =

1

λ

[
Ĉ

−1
[n]− Ĉ

−1
[n]u[n+ 1]uH [n+ 1]Ĉ

−1
[n]

λ+ uH [n+ 1]Ĉ
−1

[n]u[n+ 1]

]
,

(76)

for an arbitrary and non-zero initial value Ĉ
−1

[0]. This
approach allows the inverse to be iteratively estimated, as
detailed in Algorithm 3.

Algorithm 3 Augmented Newton’s Method

Input: u, d, µ,M

N ← total length of signal d (or u)

Initialize the vector wc of zeros with length 2M
Initialize the vector eWL with size N −M + 1

Initialize the matrix Ĉ
−1

(as I, for example)

for n = M − 1 to N − 1 do

u =
[
u[n] · · · u[n−M + 1]

]T
u =

[
uT uH

]T
Ĉ

−1
← 1

λ

[
Ĉ

−1
− Ĉ

−1
uuHĈ

−1

λ+uHĈ
−1

u

]
eWL[n−M + 1] = d[n]−wH

c u

wc ← wc + Ĉ
−1

ue∗WL[n−M + 1]
n← n+ 1

end for

return wc, eWL

The algorithm for the complex linear case is also similar,
with the only distinction being the substitution of augmented
covariances and composite coefficients with their conventional
complex counterparts. This highlights the benefit of employing
composite and augmented notation, as it provides a unified
framework that covers both linear and widely linear cases.

IX. SIMULATIONS AND RESULTS

This section displays the results of some simulated tests
using the algorithms developed in the previous section. Firstly,
it compares the CLMS and WLLMS algorithms, which are
correlated. Then, it compares the complex and widely linear
Newton methods. These examples were chosen because they
highlight the advantages and disadvantages of each algorithm.
The code used in this section was written in Julia and the step
size considered already incorporates a factor of 2.

A. The CLMS and WLLMS simulations

The first set of simulations is inspired by the example used
in [49], a system identification with some minor alterations.
The signal used is modeled by the expression (42). The second
example is a noise canceling with a Gaussian and periodic
signal.
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(a) (b)

(c) (d)

Fig. 20. Set of simulations performed for system identification, where both the signal and noise followed a Gaussian distribution
with a signal-to-noise ratio of 20 dB. The analysis was conducted using the CLMS and WLLMS algorithms with a learning
rate of µ = 0.04, applied to a dataset of 5 × 103 samples. (a) shows the circular case, while (b) presents the non-circular
case. (c) and (d) illustrate the simulations for d[n] = Re{wchannel ⋆ u[n]}, corresponding to the circular and non-circular cases,
respectively.

1) System identification: The first example is a system
identification, as described in Section III-A. The desired
signal is generated through a Gaussian process in which the
components A[n] and B[n] form the signal according to (42).
The signal-to-noise ratio is 20 dB and the step size used
was µ = 0.04. The channel to be identified is given by
wchannel = α(1+cos(2π(n−3)/5))−j(1+cos(2π(n−3)/10))
for n = 1, . . . , 5. The designated filter length is M = 5 (in the
widely linear case M = 5 for each g and h, resulting in a filter
of total length of 10) to match the size of the channel. The
complex signals used consisted of the following two cases:

• Circular case: The signal has a profile ratio of ρ =
1/
√
2, a circular case, as described in Section V-C. The

result of applying the algorithms is shown in Fig. 20(a).
• Non-Circular case: The second example illustrated by

Fig. 20(b) depicts the scenario where ρ = 0.1 and φ =
π/4.
The resulting coefficients at the end of the simulation for
the circular case are shown in Fig. 21 for both algorithms.
It is important to note the peculiarities in identification
using the widely linear filter, which identifies the coef-

ficients but, as it has twice the size of the linear filter,
presents an additional solution component (around zeros,
as the initial value chosen for the filter coefficients in the
algorithm was zero).

In the simulations conducted, there has been no improvement
in using the widely linear filter in terms of mean squared
error, even for a severe non-circular profile (ρ = 0.1). In the
latter scenario, the widely linear filter exhibited even poorer
performance. Performance improvement occurs in the scenario
where the output signal of the channel to be identified is given
by d[n] = real{wchannel⋆u[n]}, where ⋆ represents the complex
convolution operation. Keeping the same parameters as before,
we obtained the results shown in Fig. 20(c) for the circular
case and Fig. 20(d) for the non-circular case. In this case, the
advantage of using a widely linear filter is notable.

This example demonstrates that the use of a widely linear
filter is not always advantageous, even for a non-circular
profile. Each case should be studied and designed, avoiding
solely relying on pseudo-covariance. The widely linear filter
may perform worse than the linear filter in some cases and
better in others, as shown here.
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2) Adaptive Signal Estimation: This scenario involves re-
covering a desired complex signal from a noisy observation
and is closely related to system identification, where the
system is modeled as a trivial channel corrupted by noise.
The focus here is on denoising rather than modeling complex
channel dynamics. This simplification is particularly advanta-
geous for directly evaluating the performance of the CLMS
and WLLMS algorithms, as it isolates the effects of noise and
non-circularity.

In this example, the WLLMS algorithm demonstrates better
performance when the desired signal d[n] is derived from the
non-linear operation of taking the real part, as shown in Fig.
22. Specifically, a non-circular Gaussian noise is added to a
signal of the form d[n] = Re{w⋆u[n]}, and the adaptive filters
aim to estimate d[n] from the noisy observation.

The parameters used were kept consistent with previous
experiments, except for the circularity factor, which was set
to ρ = 0.4 in this case to emphasize the non-circular nature
of the signal.

Fig. 21. Analysis of complex circular Gaussian signals with
circular noise: A graphical representation displaying the filter
coefficients at the conclusion of each algorithm simulation for
CLMS and WLLMS.

Fig. 22. Adaptive signal estimation for a complex non-circular
Gaussian signal with non-circular noise. Plot of the error
(in dB) for complex linear (CLMS) and widely linear cases
(WLLMS).

The next section presents a similar analysis using the
Newton algorithm.

B. The Newton Method simulations

The Newton method used in this analysis follows the
augmented complex formulation presented in Algorithm 3. Its
performance (shown in red) is compared with the WLLMS al-
gorithm (light blue) and the standard complex-valued Newton
algorithm (green).

The simulations in this section used the same parameters as
those employed in the system identification (Section IX-A2).

Fig. 23 illustrates adaptive signal estimation using Newton’s
method with non-circular complex signals and noise. The
performance of the widely linear filter is slightly inferior (in
terms of error minimization) compared to the complex linear
case.

Fig. 23. Adaptive signal estimation using the Newton algo-
rithms for a complex non-circular Gaussian signal with non-
circular noise.

Fig. 24 depicts the same process, using the desired signal as
the real part, following the methodology applied in previous
simulations. In this scenario, there is a slight improvement in

Fig. 24. Adaptive signal estimation using the Newton algo-
rithms for the real part of a complex non-circular Gaussian
signal with non-circular noise.

the performance of the augmented algorithm. In both cases, the
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Hessians-weighted algorithms are compared with the WLLMS
algorithm to demonstrate the faster convergence rate of the
Newton algorithms. The fact that the WLLMS algorithm
reaches lower error levels at the end of execution is mainly
attributed to the use of a step size parameter (or learning
rate), which controls the rate of adaptation. In contrast, the
Newton method does not inherently include such a step-size
mechanism, unless explicitly modified. As a result, although
Newton-based algorithms typically converge faster, they may
not always reach the lowest possible error unless additional
mechanisms, such as step-size tuning or regularization, are
introduced.

X. CONCLUSION

This tutorial has been crafted with the aim of offering a
thorough exploration of the theoretical foundations and some
applications of adaptive filtering for complex-valued signals.
The integration of complex values into signal processing has
proven to be a powerful tool, simplifying calculations and
expanding the scope of capabilities.

The intrinsic geometry of complex-valued data, arising from
the two-component representation, introduces new considera-
tions in signal processing. As demonstrated in this tutorial,
understanding the profile of data is crucial for optimizing
performance in various signal processing applications.

By adopting a special notation, namely complex augmented
representation, and employing a widely linear processing
structure, superior performance can be achieved in comparison
to conventional complex filtering methods in specific scenar-
ios. The purpose of the tutorial has been to demystify the chal-
lenges associated with processing complex-valued signals and
to highlight the importance of considering the data profile for
meaningful information extraction. The techniques presented
here can be readily applied to other models or constructions
of interest, providing a versatile toolkit for signal processing
applications. This tutorial stands as a testament to the ongoing
evolution of signal processing methodologies in the hope that
it inspires further exploration and innovation in this field.
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