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Complex-Valued Signals: a Tutorial for
Non-Circular Data Processing and Analysis

Rafael de Carvalho Bluhm, Jodo César Moura Mota and Charles Casimiro Cavalcante

Abstract—This work explores the versatility of complex-valued
signals present in data representation over diverse applications.
Integrating complex values into signals and processing structures
proves powerful in system modeling, demonstrating effectiveness
in many scenarios. The inherent mathematical efficiency of
complex numbers enhances both elegance and practical utility,
simplifying calculations and expanding capabilities. However, the
use of complex notation introduces considerations related to
the intrinsic geometry of the data. This tutorial unravels the
theoretical foundations and practical applications in adaptive
filtering of complex-valued signals, emphasizing the importance
of understanding the displayed profiles of the studied signals
and data. Using complex augmented notation and widely linear
processing, superior performance is attainable in specific cases,
providing valuable information to readers interested in signal
processing.

Index Terms—Complex-valued signals, widely linear, improper,
augmented.

I. INTRODUCTION

OMPLEX-valued signals, characterized by their real

and imaginary components (or magnitude and phase),
provide a robust and versatile approach to data representation
in diverse application domains. These domains cover a broad
spectrum, including biomedical data processing, radar systems,
mobile communications, wind modeling, quantum mechanics,
and beyond [1]-[6]. The integration of complex values into
signals and their processing structures has become a powerful
tool in signal and system modeling, showcasing effectiveness
in various applications in the field of data and signal process-
ing [7]-[11].

This approach extends beyond the realm of data analysis
and has been influential since the development of complex
numbers. Complex numbers algebra and calculus play a fun-
damental role in simplifying intricate integrals, modeling fluid
flow in dynamics, and designing transmission lines, among
many other applications [[12[|-[|15]]. The curious reader might
wonder why complex values are used instead of treating their
real and imaginary components separately. The answer lies in
their rich algebraic structure, which streamlines calculations
while maintaining concise and elegant notation. This structural
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advantage not only saves researchers time and effort, but also
broadens the analytical possibilities beyond those offered by
real numbers alone. As such, the mathematical efficiency of
complex numbers becomes a key factor in both the theoretical
elegance and practical effectiveness of the methods in which
they are employed [16].

The use of complex notation brings several advantages, but
it also introduces a new factor to be considered: the intrinsic
geometry of the data, which comes from the representation in
two components [[17], [18]]. As will be seen in this work, the
profile of the data (the distribution of the data over the complex
plane) concerning its real and imaginary components can
significantly influence the performance in signal processing.

A. Road-map to the present

Knowledge is inherently dispersed, as it gradually accu-
mulates through the efforts of various researchers across
different locations and time periods. This dispersion makes
it challenging to trace the origin of specific ideas. In this
work, we begin our exploration by tracking the definition of
the complex Gaussian distribution, a concept that is crucial
for the analysis of circularity and complex adaptive filtering.
One of the first discussions on this topic can be found in [19].
These ideas were later applied to statistics for the first time
in [20], and since then, numerous studies across various fields
have further developed this topic.

The main point, and the focus of the present work, is the
treatment of non-circular distributions in signal processing,
which has not been addressed in previous works despite being
one of their principal tools. Only in [21]] is perhaps the first
mention of the term proper. This work deals with complex
processes and shows that the maximum differential entropy is
attained for a complex vector if it is “proper” and zero-mean
Gaussian. The article also defines the term circular stationarity
of a process.

One of the seminal works on the study of circularity
properties (the ratio aspect between the real and imaginary
components of the complex signal) is done in [22]]. This
study concludes that classical estimation methods must nat-
urally handle circular vectors. The paper also suggests that,
to achieve better results, the theory should be modified to
account for cases where the signal vectors are not circular.
The subsequent work, by the same author, in [23]], utilizes the
definition of widely linear transformations to estimate complex
signals, considering second-order statistics. This approach,
used to this day, is the simplest method that successfully
captures all the necessary second-order statistics (correlation
and the so-called pseudo-correlation, as will be discussed
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later). The same work represents an attempt to adapt the
theory that was previously missing in the resolution related
to estimation. The author also published additional important
articles on the topic in [24]], [25].

In [26], a comprehensive description of circular (and non-
circular) distributions is provided geometrically. This work
shows that the circularity coefficient, which is based on
second-order statistics, has a direct geometric interpretation:
the magnitude is related to the eccentricity and the phase to
the angle of the complex Gaussian ellipse. Since then, highly
regarded books have been published on the subject of complex
signals and the consideration of non-circularity in the design
of adaptive structures or neural networks, as seen in [27[]-[29].

Many other publications have been produced since then, as
can be seen in [30]-[34]. Fig. |1| shows the timeline of some
of these publications in chronological order.

Proper complex random processes
with applications to information theory, F. Neeser and J. Massey

1994 — On circularity, B. Picinbono

| Widely linear estimation

1995 with complex data,, B. Picinbono and P. Chevalier

| On the circularity of

2008 a complex random variable, E. Ollila

Complex valued nonlinear adaptive filters:

2009+ noncircularity, widely linear and neural models, D. Mandic and V. S. L. Goh

Statistical Signal Processing of Complex-Valued Data:

2010+ The Theory of Improper and Noncircular Signals, P. Schreier and L. Scharf

| Adaptive Signal Processing:

2010 Next Generation Solutions, T. Adali and S. Haykin

| An adaptive approach for the identification

2012 of improper complex signals, B. Jelfs, D. P. Mandic, and S. C. Douglas

Optimization and Estimation of Complex-Valued Signals:
2014 - Theory and applications in filtering
and blind source separation, T. Adali

An Augmented Complex-Valued Least-Mean
2018 - Kurtosis Algorithm for the
Filtering of Noncircular Signals, E. C. Mengii¢c and N. Acir

Fig. 1. Timeline for some publications related to the topic.

B. Objectives of this study in complex signal processing

Building on these considerations, this tutorial explores the
essential theoretical foundations and practical applications of
adaptive filtering in the field of complex numbers, considering
the complex structuring and operation of data that can be
represented in this form. Our goal is to clarify the challenges
associated with this type of processing, highlighting its signif-
icance in extracting meaningful information from the data. We
will demonstrate that by using a specialized notation (complex
augmented) to represent the data, along with a specific pro-
cessing structure (widely linear), superior performance can be
achieved compared to conventional complex filtering.

This tutorial is structured to guide the reader through the
basic fundamentals of complex signal processing and some
adaptive techniques for the effective analysis of complex
signals. The techniques described here can be applied to other
constructions or models of particular interest to the reader.
Fig. [I]shows a timeline that presents various books and articles
related to the theme published in the correlated areas of signal
processing. This timeline was constructed based on key articles
recommended for reading leading up to the current work and
does not imply any specific preference or ranking on the part
of the author. For a more comprehensive and extensive list,
the reader can and should refer to the bibliography at the end
of this document.

C. Organization

This work 1is structured to provide a comprehensive intro-
duction to discrete signal processing, with a focus on non-
recursive adaptive filters and a special emphasis on processing
complex signals with distinct profile characteristics. To estab-
lish the foundational concepts of filtering and signals, Sections
Sections |l and |lII] explore the fundamentals of discrete linear
filters and their typical applications. This introduction serves
as the basis for the comparisons made throughout the paper,
where the design of conventional filters will be contrasted with
an alternative approach that considers the specific characteris-
tics of the signal profile.

In Section we introduce the concept of Wirtinger
calculus, a fundamental algebraic and calculus tool used
when dealing with complex variables. This method employs a
value and its conjugate as variables, along with derivatives
with respect to these variables. It is crucial for the reader
to comprehend this section, as the notation throughout the
paper is based on it, facilitating the algebraic manipulation
of complex expressions. At the end of the section, the optimal
solution for the design of filters developed in the preceding
section using this notation is presented.

Section |V| explores the concept of circularity (or its ab-
sence), which is a broader notion, as well as that of propri-
ety/impropriety, a more specific definition based exclusively
on second-order statistics. These terms are intrinsically re-
lated to the complex profile of the signal, categorizing them
into two essential groups throughout the development of the
work: signals referred to as proper and signals referred to as
improper. The second-order statistics characterizing complex
signals include covariance, a concept already employed in the
usual complex optimal solution (Section [[V-F)), and pseudo-
covariance, which must be taken into account when the signal
is said to be improper. In the conclusion of the section, it is
detailed how the signals used in simulations will be modeled
considering the signal profile.

Section [VI] presents the design of a discrete transversal filter
capable of taking into account both covariance and pseudo-
covariance. This design is based on an expression called
widely linear, hence the origin of its name. This filtering
process is based on the linear combination of the signal with
its conjugate value.

Section emphasize some of the fundamental numerical
tools applied in linear and widely linear processing, aiming
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to achieve optimal solutions iteratively. Recursive algorithms
are expressed in complex notation and subsequently applied
in simulations in Section The objective is to make a
comparison between linear and widely linear methods in the
realm of discrete processing, considering the mean square error
in the design of discrete adaptive filters. This work concludes
with the insights drawn from the simulations presented in this
section.

As this work concludes, it seeks not only to provide valuable
findings but also to engage and captivate the reader. By
introducing these insights, we invite the reader to explore
the research, either to expand their knowledge in the field
or simply out of curiosity. We hope that this article sparks
interest and encourages readers to join and contribute to the
ongoing exploration and advancement of this area of study.

D. Notation

Before examining the main topics of the tutorial, it is
advisable to cover a brief section on the notation used. We
have opted for a notation commonly employed in books and
scientific articles in the signal processing field. In summary,
the following scheme has been employed:

Deterministic scalars are written in lowercase, without
bold.

Random scalars and Z-transforms are written in upper-
case without bold.

Vectors are represented in lowercase bold.

The matrices and vectors of the random variables are
represented in bold uppercase letters.

The lﬁter “J” is reserved for the imaginary unit, that is,
j= 1. The operation () denotes the conjugation,
where, for z = X+ jy, its conjugate is z = X jy. This
conjugation operation can be performed element-wise on
vectors and matrices.

T, OOY, and () ?! represent the operations of trans-
position, transposition plus conjugation, and inversion,
respectively.

The modulus j j of a complex number z = X + jy is
given by jzj*> = zz .

Augmented vectors and matrices, as will be seen, are
denoted by an underline below the corresponding letter.
Z, R, C, and F represent the sets of integers, real
numbers, complex numbers, and some arbitrary field,
respectively.

Examples:

Scalar: X.

Z-transform of a signal y[n]: Y (2).
Vector: V.

Matrix: A.

Transpose of matrix A: AT,
Modulus: jzj?> = zz .

Augmented vector: V.

As we progress through the tutorial, the notation will
become familiar and clear to the reader, enhancing compre-
hension. This notation provides a concise and standardized
framework for discussing key concepts and techniques. In the
following sections, we will use this established notation to

explore the theoretical foundations and practical applications
of adaptive filtering for complex-valued signals.

We now turn to the next section, which focuses on the
design of discrete linear filters.

II. DISCRETE LINEAR FILTER DESIGN

Filtering is a key operation in signal processing. From
a mathematical modeling perspective, a filter is a function
that takes an input signal and produces a processed output
signal [35]-[39], and can be classified according to their
characteristics as:

Linear or non-linear.

Discrete or continuous in time.

Finite impulse response or infinite impulse response.
Time variant or time invariant.

Parametric or non-parametric.

The filters examined in this tutorial will be referred to
as transversal filters [40] and will be of the linear, discrete-
time, finite-response and parametric type. Their coefficients
(parameters) during operation will be constant, and thus they
are also time-invariant. During adjustment (while the algorithm
is running), these parameters may vary in terms of the fitting
function over time (parametric model). The details of the
signal and filter model will be discussed in more detail later.

Processing systems generally have the output signal of the
same type as the input signal (either continuous or discrete),
but this is not mandatory. It is possible to construct a system
where a certain type of signal results in another type of
signal. For example, sampling a signal is a process that
converts a continuous input signal into a discrete output signal.
Conversely, it is also possible to reconstruct a signal, allowing
filters where the input signal and the response signal have
different natures [41]].

This tutorial will focus on the examination of discrete
complex signals and transversal complex filters, a specific case
of a system where both the input and output signals belong
to the same representation. Each of these will be described in
its respective subsections below.

A. Discrete Modeling

A discrete-time signal is a representation of information that
is measured only at specific time instants. A discrete signal
will only have defined values at specific points along a discrete
sequence of time instants, even if the values taken by the
function can be continuous. Mathematically, a discrete signal
is a function u[n] of the form

u:u2z21FE:

Here, U represents an interval of integers N 2 Z. F is the field
considered and this will determine the nature of the signal.
For example, a real signal is characterized by the field F = R,
while a complex signal is represented by F = C. Similarly, a
quaternion signal is given by F = H, and so on.

A discrete signal can be obtained through an operation
called sampling, performed on a continuous signal. The
sampling values are typically evenly spaced in time. Fig.
provides a simple illustration of the discretization process for a
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u(t)

un]

time

Fig. 2. An illustrative example of discretizing a sine wave u(t)
(blue). The red circles represents the waveform sampled in discrete
time u[n].

real signal, showing the nature of the discrete (red) in contrast
to its continuous counterpart (blue). Discrete-time signals will
be represented with brackets in their time variable, for example
u[n]. Signals can have more than one parameter, for example,
u[n; m], but such cases will not be considered in the present
approach. This tutorial will focus specifically on discrete one-
parameter signals, particularly those represented in complex
form as u[n] = x[n] + jy[n], i.e., signals belonging to F = C.

So far, we have briefly discussed the nature of signals. The
next step is to define the systems used to perform operations
on these signals. This will be accomplished by introducing the
definition of linear systems, which can be used in complex
filtering.

B. Linear Modeling

From a mathematical perspective, the linear filter is the
most basic filter structure in signal processing. In this category,
signals are linearly combined, resulting in an expression that
constitutes a linear discrete difference equation with constant
coefficients [42]. The general structure of a linear filter, with a
single input and a single output (abbreviated SISO), is shown
in Fig. [3] It can be applied to both real and complex discrete
signals, depending on the chosen coefficients a;; bj 2 F, where
1g. If real co-
efficients are employed, the structure remains real, whereas
the use of complex coefficients results in a complex structure.
It is important to note that the complex structure employed
is derived through the direct extension of the real structure.
However, it is essential to note that simply using the structure
as an extension of real numbers may not be advantageous in
some cases, as this tutorial seeks to demonstrate. For a more
in-depth analysis of complex signals, the development of new
designs beyond a mere extension of the real structure becomes
necessary. This development will be explored in the following
sections. In this section, we will use the linear structure, which
is a complex extension of the real case, as the foundation for
our analyses.

The blocks labeled z * are referred to as unit delays, as they
represent a delay of one discrete-time step in the Z-transform
domain [36]. A unit delay block takes an input signal u[n] and
produces its delayed version u[n 1J.

The combination of inputs and outputs presented in Fig. 3]
can be written as

v[n] = axu[n
k=0

K]+ bev[n
k=1

KI; ey

uln] 8o v[n]
o X @ e o
z 1! z 1!
az bl
am 2 bN 1
z 1 z 1
amMm 1 bN

Fig. 3. Diagram of a general discrete linear filter with M N
coefficients. The input signal is represented by u[n] and the output
is v[n].

Equation (TJ) is the general form of a filter with a finite number
of coefficients, it is the discrete time mathematical model of a
discrete linear filter. The word “linear” essentially refers to the
type of finite-difference equation obtained. If the coefficients
ax and by, as well as the signals U (subsequently V), are all
real, the filter is called a real linear discrete filter. If they are
complex, the filter is referred to as a discrete linear complex
filter.

Linear discrete filters can be categorized into two main
types: filters with infinite impulse response (IIR) and filters
with finite impulse response (FIR). This classification will be
discussed in the following section.

C. IIR and FIR Filters

An infinite impulse response (IIR) filter depends not only
on current and past input values but also on past outputs,
through feedback terms scaled by coefficients by. This feed-
back structure results in an impulse response that theoretically
extends infinitely over time, as described in Equation . The
general expression, where by 6 0 for some K, corresponds to
an autoregressive moving average (ARMA) model.

In contrast, the filters employed in this tutorial are finite
impulse response (FIR) filters, which constitute a special case
of IIR filters where all feedback coefficients by are zero. FIR
filters rely solely on a finite number of past inputs and do not
incorporate feedback. They are also referred to as fransversal
filters and correspond to a moving average (MA) model.

Applying FIR modeling condition to Equation (I) and
renaming the input constants a§| ax = W,, we obtain the
general expression of the transversal filter,

v[n] = wiuln

k=0

k] : 2

IThere is no issue in considering the coefficients as conjugates beforehand.
If such consideration is not made, the solution obtained for the filter will be
the conjugate of the case where such consideration was made.
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Note that the expression of a transversal Iter results in Parametric
a nite impulse response, as it depends solely on a linear
combination of current and past input samples. This character-
istic ensures that the Iter's output settles to zero after a nite

number of time steps following the application of an impulse
input. This nite impulse response ensures inherent stability

[Non-Linear] [ Linear ]

and predictable behavior, making FIR lters particularly ad- Continuous’ ‘ Discrete ’
vantageous in a wide range of signal processing applications Time Time
[43], [44]. / \
The previous expression can be condensed by [ IR j [ FIR
representing the coefcients as a column vector
W =[Wp ::: Wy 1]T and the signal as a column vector
un]=[u[n] ::: un M +1]]T, both being complex and Transversal
of dimensionM . The expression provided ift](2) can now b(T'—'ig. 6. Diagram for the de nition of the transversal lter, valid for

written as real or complex parametric lIters. Note that in other terminations,

v[n] = w" uln]: (3)  there may be branches not shown here.
The parameteM , denoting the number of coefcients, is
termed the “size” or “length” of the transversal Iter. A visual

representation of this con guration is illustrated in Hig. 4. cost strategies and algorithms, which play a crucial role in

these applications, will be discussed. The goal is to provide a
ufn comprehensive understanding of the diverse ways transversal

] .1 1
o z z* z lters are used, along with the evaluation criteria that guide
W w, W, Wy Wy . their |m|_:>lementat|ons in speci ¢ scenarios. _
We will explore four basic Iter con gurations as described
d/ F il } d/ °
v[n]

in [45]. The complex error is a scalar denoted by[n]
Fig. 4. Discrete FIR transversal lter of siz&1 . This Iter corre- (L md'ca,tes thaF the error originates from a. linear !ter
sponds to the left side of Fif] 3 and does not depend on output valG&4! guration). This error is used by some adaptive algorithm
at any instant. for the recursive adjustment of the lter coef cients, which
is indicated in the gures by a dashed line. The input signal
The transversal Itering described in Fig} 4 can be graphf the Iter is denoted byu[n] and the output by[n]. The
cally abstracted as illustrated in F[g. 5, where the input signgfesired” (or training) signal is represented Hfn], and the

u[n] passes through the set of Iter coef cients, resulting in  Iter is characterized by the coef cient vectow .
the output signal[n]. This abstraction serves as an important

building block in adaptive structures designed for compl
signals.

K. System identi cation

In system identi cation, the transversal Iter is used to
linearly approximate a system (e.g. communication channel)
un] o w o v[n] that one wants to estimate. Note that this approximation is a
linear representation with minimal error. Fjd. 7 illustrates this
con guration.

Fig. 5. Example of a signali[n] at some instant Itered by a FIR
(transversal) denoted by, resulting into a scalar signai[n]. [n]

Transversal lters will serve as the fundamental model |nput l Output
throughout this tutorial. ° Channe t °
Fig.[§ elucidates the interconnection between each category, d[n]
presenting a visual guide to our exploration. e [n] +<‘9
We have progressed through each category, and now we i
will examine the speci cs of complex linear transversal lters,
simply referred to adransversal lters In the next section, w
we will explore in more detail the applications in which AN
these Iters can be employed, such as system identi cation, N
equalization, prediction, and noise cancellation.

Fig. 7. Usual con guration for a channel identi cation. The mini-

n. T = C mization of error turns the Iter (indicated ag) a linear estimated
. RANSVERSAL FILTERING CONFIGURATIONS copy of the channel.

This section covers some fundamental applications where
transversal Iters nd extensive use. Among these applica- Here, the input signau[n] fed both: the channeh[n]
tions, we highlight system identi cation, equalization, prefunknown) and the adaptive Iter with coef cients/. The
diction, and noise canceling. In addition, different types athannel output id[n] = u[n] h[n] + [n], where [n] is
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additive noise. The lter output ig[n] = w' u[n]. The linear ”
complex errore, [n] = d[n] v[n] is the difference between |npuyt u[n] / v[n] Output
the channel output and the Iter output. o -z 1 Yy
Identifying an unknown system allows the creation of .
mathematical models and parameter estimation to represent ,’
the behavior of that system. e

B. Channel Equalization
L ) . . . ~ Fig. 9. Usual con guration for a signal prediction. The coef cients
The equalization process, illustrated in Fig. 8, is des'Q”@\dqare adjusted by minimizing the prediction ermr[n], which is
to make the linear lIter act as the inverse of the speci edetermined by the signal and its delayed version.
channel. The objective is to ensure that the signal emerging

from the channel closely resembles the original transmitted ) .
signal. D. Noise canceling

[n] In noise canceling, the goal is to estimate and remove the
P noise that has contaminated a desired signal; see Fig. 10. Let
1 ufn] +“VIn] Output §[n] represent the desireq signal. Thg noise is present in both
& ° inputs, but due to the different locations of the sensors, we
. observe two distinct input signals:
"""""" @ the primary signald[n] = s[n]+ ¢[n],
dn T] the reference noise signal[n] = 1[n], correlated with
Delay o(n).
) The error is dened ase [n] = d[n] “[n], where
F'g 8 Usual con guration for a- Channel equalizatipn. The mlnl'/\o[n] = WH 1[n] is an estimate of the noise derived from
mization of error turns the lter (indicated as) a estimated copy [n], the output approximates the clean sigsg] with the
of the channel in some cases). b . P PP 9
noise effectively suppressed.

Input
o

Channel

The input signak[n] passes through a channel characterized
by its impulse responsk[n], resulting in the received signal
u[n] = x[n] h[n]+ [n], where [n] represents additive noise.
The lter, de ned by the coef cient vectow, processesi[n] ”
to generate the outpyfn] = w' u[n]. The error signal is then ufn] = 1[n] " ~oln] + Output
computed ag [n] = din T] v[n], wheredln T]is a o w
delayed version of the original input signdin] and serves as
the desired response. D

In this case, nding the lter coef cients is equivalent to e [n]
approximating the inverse of the system, providing a mathe-
matical approach to computing the inverse of the convolution

process through an iterative method. . .
T . : The examples presented so far illustrate the versatility of

Equalization is a fundamental operation that aims to ensyre . . . L
nsversal linear Iters, demonstrating various applications

. ; . . . r
accurate and h|gh—qua!|ty reception of mforma’qon tr?nsm'ttﬁﬁaat employ the same coef cient structure representedvby
through a communication channel at the receiver side.

In the following, we discuss different types of cost function,
namely scalar functions of the error, which provide a crite-

o rion for adjusting the lter coef cients during the adaptation
C. Prediction process.

d[n] = s[n]+ o[n]

Fig. 10. Usual con guration for noise canceling.

In linear prediction, the goal is to forecast future signal val-
ues using past samples via an adaptive lter, typically achiev&d Error Minimization and Cost Functions
through an iterative method. The Iter possesses the ability toIn adaptive lItering processes, either using iterative algo-
adapt its coef cients, aiming to minimize prediction errorsyithms or direct solutions, coef cient adjustment is typically
Fig. 9 depicts the con guration for the predictor indicated byarried out through erroe[n], which is used to construct a
w. function to be minimized (or sometimes maximized). This
The input signald[n] is delayed by one sample through dunction is known as the cost function (or objective function),
unit delayz !, resulting inu[n] = d[n  1]. The transversal denoted here by the lettek. The search for critical points
Iter w, processes[n] to generate the predicted signgih] =  of this function leads to optimal solution parameters (local at
w T u[n]. The prediction error is de ned a5 [n] = d[n] v[n], least and, in the case of quadratic expressions, global). Some
wherex[n] is the desired signal (current sample). commonly used examples of such functions include:
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CMSE - Complex Mean Squared Error. It uses the absA: Basics of Wirtinger Calculus

lute mean square error at each time step as the functionrhe wirtinger calculus is useful for calculating derivatives
to be minimized. Its an extension of MSE to complexs functions with complex variables, streamlining the notation,
cases, and circumventing the need to rewrite all calculations in
Jemse = Efje[n)i?; (4)  terms of their real and imaginary components. The name pays
wherejeln]j? = enle, [n] gom?ge tg tEg Gerrr]ne_m mazhsematician Wilhelm Wirtinger, who
CNMSE - Complex Normalized Mean Squared Error. Itsel\_lgtofpebet;;Sct)erf]p?;?(uagctitn with variables = x + jy,

normalizes the above CMSE by the energy of OIeSIr%’herex;y 2 R, whether holomorphic or not. The fundamental

signal, concepts of Wirtinger calculus can be summarized in two

_ Efeln)?], points:

Jcnmvse = Tdinga -

CMAE - Complex Mean Absolute Error. Mean of abso-
lute samples of error at a given instant,

Jewmae = Efie[n]j]:

Gaussian Entropy Criterion - Described in [46], de ned
as

Jent= Efielnli’g ® j Efe[n]oi?:

These are just a few examples of cost functions. Here we
conclude the exploration of the basic knowledge of cost func-
tions. Understanding these functions is crucial for optimizing
the performance of lters in various applications.

The next natural step involves employing these cost func-
tions to directly, or by iterative methods, calculate the Iter
coef cients, as previously mentioned. To achieve this, it is
essential to dedicate time to studying a few of complex
calculus. The effort invested in understanding these de nitions
upfront will save time during subsequent calculations, allowing
us to conduct all computations in the complex domain. In the
upcoming section, we will explore the realm of complex cal-
culus, an indispensable tool for advanced analyses in complex
adaptive ltering.

IV. WIRTINGER CALCULUS

In the preceding section, we discussed various cost functions
that lead to the minimization of the error. Now, we investigate
the Wirtinger calculus, also known as tled&R calculus, which
serves as an exceptional tool for calculating derivatives of

Express functions, whether real or complex, in terms of
the complex variablenv along with its conjugatew .
Treat both the variable and its conjugate as independent
variables and write the functioh asf (w;w ). We refer

to the augmented variable ag = (w;w ), using an
underline below the corresponding letter to denote such
pairs. This new variable belongs to the space denoted as
C?, which represents a complexi ed isomorphism R#

(or equivalentlyC, since complex numbers are also iso-
morphic toR?). Here,C? is a subspace dt?, consisting

of pairs(w; w ) wherew is the complex conjugate o¥.
Unlike a general element &2, where both components
can be arbitrary complex numbers, elementsCdf are
constrained by this conjugation relationship, effectively
reducing degrees of freedom to match thoséRéf
Facilitate the calculation of derivatives for functions ex-
pressed as described in the previous item by applying the
standard rules of calculus. This is achieved with the aid
of the operators de ned as

e 10 0 @ 10,0

@w 2 @x @y @w’ 2 @x @y('s)
Intuitively, the derivative@ f=@weasures the sensitivity
of f with respect to the “holomorphic direction” af,
while @f=@wcaptures the sensitivity in the “antiholo-
morphic direction”. Hence, the presence of derivatives
with respect tov indicates that the function is not holo-
morphic, but still differentiable in the Wirtinger sense.
These operators enable the computation of the gradient,
divergence, Laplacian, and other mathematical operators
involving complex numbers directly in complex notation,
without requiring explicit expressions in terms of real

expressions that depend on complex numbers. This calculus components [16].
allows for manipulation and optimization without the need for Wirtinger calculus is particularly essential in complex-

a tedious expansion to real components.

valued signal processing because it eliminates the need to

In all the ltering schemes illustrated earlier, the error islecompose complex variables into their real and imaginary
de ned ase[n] = d[n] v[n], where the lter output is given by parts, which can complicate derivative calculations. In appli-
v[n] = wH u[n]. Consequently, the cost function (as describechtions like the optimization of complex transversal lters,
in Section IlI-E) become a function of the Iter coef cients, this approach not only simpli es the mathematical formulation

that is,J = J (w). This function is real-valued (minimization but also reduces computational overhead, making it indispens-
requires an ordered eld) with a complex variable Since able for ef cient algorithm design in elds such as wireless
this type of function is not holomorphic [12], [47], it requirescommunications and adaptive ltering [29], [49]. Wirtinger
special treatment provided by the Wirtinger calculus [48]. calculus is also very relevant for operations on holomorphic
Toward the end of this section, we apply the Wirtingeand non-holomorphic functions, especially for the latter case
calculus to calculate the optimal solution for the transversal which the functions of the real components have no relation
Iter, providing a practical example of its utility. to those of the imaginary components of the complex function,
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thus not satisfying the Cauchy—Riemann conditions [16], [48pr all k 2 f1;2;:::;Ng. The augmented complex vector
This is the case for complex functions that have only the re@dn be constructed by stacking the complex veetoand its
or imaginary part. conjugate as

As a illustrative example, let's consider the function 2 3
f (w) = jwj?. When expressed in terms of andw , we W1
have f (w;w )= ww . This function can also be repre-
sented as (x;y) = x? + y? through the change of variables: 2 3
Xx=(1=2)(w+ w ) andy =(j=2)(w w). Calculating the w Wy
derivative off with respect to the complex variable by w, : 8)
treating it as a usual independent variable, we obtain

w;w
@wiw ) )=QV6WW)=W :
@w @ Wy,
Similarly, with respect to the conjugate component, N1
) It is also common to employ a notation in which the vector is
@iw;w) _ , ; . .
—aw W ! formed by alternating values with their gomplex conjugates,
) ) , denotedw = w; w; Wy Wy . This notation,
These calculations can also be performed using the right-hand coan in works such as [51], [52], provides an alternative

side of the expressions in (5), which produces the same resylfsyresentation. Similarly, a linear transformation can relate
It is important to note that, althoughr andw are not truly to w, however, for consistency and clarity, this tutorial will

independent variables (sinee is the complex conjugate of adhere to the notation presented in equation (8).

:,N)’ th:cnge;. caI(I:uItjs éregtst tr_ﬁ]m as fo?rcri\ally :ndependtint Similarly to the case described in (6), there exists a complex
rom a functional standpoint. ‘This 1S vaild as 1ong as ..y that relates the augmented vector to the real one by

function is differentiable as a function of two real variables 2 3 2 32 3
andy, thus enabling more exible and algebraic manipulation. W Il X
The relationship between the variables in either their real 47°5=14 S 9475 9)
or augmented forms is described by a complex transformation w | iy
trix, . . . . .
matrix 3 2 3 2 32 3 Here,| represents the identity matrix of dimensibh N,
w X+ jy 1 X and the complex vector is denoted as = x + jy, with
475=4 . 5:41 _545- 6) x= X1 Xg il xNT and y= y1 Y2 iI YN T,
w Xy Iy both in RN . Equation (9) can be expressed more concisely

The matrix present in the above expression is denoted as in terms of the augrr;ented variable and the real composite
vectorr = x' yT = as

Ts=4i !5, @) w=Tr; (10)
J
where the complex transformation matrix is
represents the transformati®? ! C? that maps the canon- 2 3
ical vectorse; =[1 0]T ande, =[0 1] to the complex Ll
vectors[1 1] and[j  j]7, respectively. T=4 5 (11)
The transformation matriXi s presented in Equation (7) | I

represents the central role in mapping real coordingtgs) 2 . . . 1— 1TH .
R? to the augmented complex variable = (w:w ) 2 C2. with the inverse given byl 5T . The matrixT relates

. Y . S : the linear spac&k®N to the space denoted 92N . Fig. 11
1- 17H
Thls matr|>H< is invertible, with inverse given by, * = 5T, illustrates the transformation visually.
sinceTsTg =21.

. . . . Remember that, in this representation, we h&A~
Geometrically,T s de nes a linear transformation that aligns~,y The augmented spa@™ can be decomposed as

the real plane with the complex domain under the conjugation
constraint, thus enabling the use of Wirtinger calculus, which CN = wko w 01

treatsw and w as independent variables. This is critical

when computing gradients of real-valued functions de ned ofthere the symbol denotes the direct sum of the subspaces
complex variables. A more detailed mathematical analysis ¥*° and W%* [53]. The complex-linear subspad/° is
this topic can be found in [28], [50]. de ned as

wio = v(;/ cw2cCcN
B. Extension to the Multivariate Complex Case
The principles of Wirtinger calculus can be extended t@1d the subspadd/®?, consisting of conjugate-linear (or anti-
functions of multiple complex variables. Consider a compli€ar) components, is given by
vectorw = w; Wy i Wy T2 CN, where each com- 0

0,1 — . N
ponent is expressed ag = Xy + jyk, with Xi;yx 2 R WH" = w2C
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R2N c2N This ensures that the result of the derivative operation is a
column vector, which is consistent with the expected outcome.
Using the same function given in (14), we can compute the
derivative with respect to the holomorphic component as
@f_ @  w H
—=— W' Rw =w"R;
@ @v
which results in a row vector, consistent with the standard
Fig. 11. llustration of the mapping from the real spagé" to the differentiation rules. Alternatively, to compute the derivative
. . — T . - .
augmented complex spa®"  C?N. The real plane, represented@f_@ » WE Cons_lder the transposed Version of the quadratic
by the rectangle on the left, is mapped into the direct sum of t{@M, which remains unchanged due to its invariance under
linear subspac&V® (solid line) and the conjugate-linear subspacgransposition. In fact, we have
W1 (dashed line) on the right. These subspaces span the image of -
the real data in the augmented space, i.eCiH = w0 w 01 f=whRw = wfRw =w'RTw ;
Note that although the subspac@s’® and W% are represented

as lines in the gure, they are complex spaces, and the depictiongad thus the derivative is
schematic.

(x3y) T

Wl;O

Complex augmented vectors play a signi cant role in statisticghe expression represents the column vector associated with

modeling and in the design of augmented lters, which arge derivative. Similarly, using the form in (14) for the
capable of capturing the pseudo-correlation of the receivesinaining case, we have

signal, as will be further explored in subsequent sections.

One can de ne the column operators as @f = @ wiRw =wTRT:
2 . 3 2 of 3 @v @v
@% @w This result can also be veri ed by performing the derivative
o@f — E z and @f E z (12) component-wise. Moreover, the row derivatives could have
@v’ @vH ’ been obtained from their corresponding column versions (and
2L % vice versa), since the expressions in (12) and (13) satisfy the
. - _ . relationships
where each element is a Wirtinger operator as given in (5). It
is also possible to de ne the row versions of (12) as @f ' @f g @f ' @f (15)
i i — = — an — = —;
@f_h@f TR d @f_h@ . et @’ @v @vH @v

V\é‘13. by construction. It is important to note that the previous

The de nitions presented in (12) and (13) are preferab%qualities (15) hold for transposition, which is valid for any
because they allow for straightforward algebraic manipulatigifalar complex function. - N
of complex vector expressions. In this approach, the complexMore generally, when taking the Hermitian these equalities
variable appearing in the denominator is differentiated in tily hold if f = f ,i.e.f 2 R, in this case we can write

function on which the operator acts. This permits treating @f " af @f " @f
w , w', andwH as independent variables, enabling direct —_— = o oand  —— = T
application of differentiation rules and simplifying symbolic @v @v @v @v
manipulations in complex-valued functions. In the next section, we introduce the derivatives in their

As a simple example to illustrate the use of vector derivaugmented form, which make use of the vector operators
tives, consider the function discussed so far.

f = wHRw; (14)
a quadratic form commonly encountered in optimization protgz' Augmented Expressions
lems. Letw 2 CM andR 2 CN N . We can write Building upon this approach, one can de ne another pair of
@f @ 9y derivatives with respect to the augmented variable by placing
avF = @vF w"Rw each row derivative (13) side by side as
. : . . h [
treatingw™ as an independent variable with respectwo @ - ef ef (16)
In this case, we apply the standard differentiation rules for v @ @
monomials, which yields or de ning the Hermitian version by making a new column of
@f Rw - operators from (12),
@i 2 3
. @f _of

Note that @f=@" is constructed from the components =4t 5. (17)
@f=@wfork =1;:::;N, arranged to form a column vector. A =
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This approach extends naturally to the real composite cake, Example: Applying Complex Augmented Notation
where the derivatives of a functidn(r) can be expressed as consider the real quadratic scalar functibfw) with

of h@f @fi complex vector variablev given by
@ p%* @ i (18) f(w)=c+wla+a'w+ wHcCw; (24)
- e ... ef @f ... @af
@ "o@w @y T 0w for ¢ 2 R, a constant vectoa 2 C and C is a Hermitian
and 5 3 matrix, i.e.C = CH. This function frequently arises in the
@f context of minimizing the mean-square error for complex
@x Iters. Now, we will derive the column derivative df, given
5 3 : by (24), with respect to the conjugated variailé€ ,
@f of f
Of _4e5_gony. (19) @H:a+Cw;
@T o@f @f ) @V
@ @y This result is a column vector, obtained by treating the variable

: to be differentiatedw! , as independent off while using the

o usual calculus rules.
@w Similarly, the derivative of (24) with respect to the conjugate
variablew can be calculated. However, the expression must

Using the matrix de ned in (11), it is possible to relatebe rewritten in an equivalent form in terms f as

equations (17) and (19) through the following identity:

af . @f fwy=c+a'w +a'w+w'CTw :
— = : (20) _ - : . :
@T @t Taking the derivative on both sides with respectao in the
previous equation,
D. Second order Expressions @f C AT wTCT
The adopted notation can also be extended to second-order @v

operators. An important example is the Hessian, which can Bbis result now represents a row vector (the sum of the row
represented using the operators de ned in the previous sectivactorsa’ andw™ CT). As mentioned before, this notation
Consider (19) as a column vector operator acting on (18). Thésquite practical, because the variable to be differentiated is

allows the Hessian of a real functidnto be written as explicitly written in the operator. Moreover, it consistently
2 3 h : follows the same rule in both its column vector and row vector
__@ @_4&%s5 o of forms. . . .
@T @ @ & @ Continuing our exploration of the functioh presented in
2 @’ 3 (21) (24), we can compute second-order derivatives using the same
@ of _a of ; ; .
_48" & @ as5. procedure as before. For instance, we will nd the expression:
@ e @ of'’ @ e@f,
9T ® @ 9 ar av

at some point where second-order derivatives exist. Eagfarting with the rst derivative
element of the matrix (21) can be evaluated as follows:

2 @ 3 @ - aH + WH C,
@ @f % ;h i @v
— == 2 £ @QJ % which is a row vector expression. The next derivative with
@' @ @ respect to the Hermitian variable, that is, a column operator,
2 @%f ” 3 (22) opergtes as a mgtrix multiplication with the last expression
@x oy Ox Oy resulting in a matrix form given
-6 . L @ of_,
il &1 @t @v '
@x @y @x @x

This is consistent with the expected dimension of the operation
The matrix of second-order derivatives can also be construcisstformed.

using the complex operators (17) and (16) with respect to aThe table | below summarizes the use of each operator

real function of complex variable as in relation to the given linear and quadratic forms. The left
2 @ 3 h i column presents the values of the functionThe upper row
@ @f_ a5 af , indicates the operators to be applied to these values.

f
@vf @v @ @ @V@ ' (23) After some development regarding Wirtinger calculus, it is
possible to apply it in the optimization of complex transversal

Equations 22 and 23 can be correlated using the matrix Iters. The next topic explores the derivation of the optimal
provided that the function is real. This form is related to th@\iener) lter expression obtained by minimizing the mean

Hessian in its augmented complex form, as will be seen latequare error.

g
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Table [: Table for some applications for vector Wirtinger operatorggr these second-order measures not normalized by standard
deviations [54]. We will also avoid the use of the term “cross”

; o @ @5@ U @N@H as a pre x if it is clear that it refers to the covariance between

aHw aH 0 a 0 two different signals (as in the case pj. Thus, expression
(26) is composed of monomials of covariances: one scalar of

wHa 0 a’ 0 a the desired signal, two involving the desired signal and the

whew lwhie | wieT | eTw cw input signal, and also one that employs a matrix form of the
input signal.
The expression for the cost function (26) now can be written
F. The Wiener-Hopf solution in its simpli ed form,
Armed with the fundamental principles of Wirtinger calcu- Jemse(W) = 3[n] p"[nw  w"p[n]

lus, we can now unveil the optimal solution for transversal (28)

Iters utilizing complex parameters. The calculations closely
mirror those in the real domain, eliminating the need for sephis equation represents a quadratic form, given by the
arate treatment of real and imaginary components. Exploitifgsitive semide nite Hermitian matrixC[n], allowing the
this simpli cation, we proceed to derive the expression for thealculation of a global minimum for coef cientsv. The
optimal Iter based on the mean square error cost functionstatistics in 3[n], p[n], and C[n] are characteristics of the
Utilizing the transversal Iter depicted in Fig. 4, wheogn]  training signal and the received signal, which makeshe
represents the input signak; denotes the Iter coef cients, variable that can be adjusted. Using the expression for the
andv[n] is the output signal, we can express the error as Hermitian derivative, Equation (12), in the cost function given

en] = d[n] v[n]: (25) by Equation (28),
@ CMSE () =

This error expression serves as the basis for minimization in @vH
any of the con gurations presented. Using the mean squa
error, described in Equation(4), as the cost function,

+wHCnjw:

p[n]+ C[n]w : (29)

rnguming the ergodicity of the training signal [55], for desired
signal and for noise, the statistics remain constant, it is possible
Jemse = Efelnle [nJg= Ef(d[n] v[n])(d [n] v [n))g: to write C[n] = C andp[n] = p for any instantn. There is
no issue in considering the training signal in this way since
ilts design is determined by the designer.

Finding the optimal point (the point where the derivative
rganishes) for the expression (29) we must have the optimal
I%%ef cients given by

During the adjustment, the Iter coef cients are variables
and the expression for the output is a function of the lte
coef cients, v[n] = wH u[n].

A common practice is to assume that the input and desi
signal have a zero mean. This assumption facilitates so
calculations. Due to this, we will make this assumption from woPt=C 1p: (30)
now on. Substituting this into the earlier cost expression, we

can derive the error expression in terms of the coef cients, This expression is known as the Wiener-Hopf equation, named
after the mathematicians Norbert Wiener and Eberhard Hopf,

— Efi 2 H
Jemse(w) = Efjdn"g  Efd[n]u™ [nlgw who made signicant contributions to the development of
wH Efd [nJu[n]g+ w" Ef u[n]u™ [n]gw: ltering theory and the solution of optimal ltering problems
(26) [56].

To simplify the notation, we can rename the expressions of 1 "€ optimal solution has a problem which is the presence
expectations as follows: the scalar variance of the desir8fithe inverse of the covariance matrix of the lIter's input
signal (assumed to have zero mean) §fB)j2g= 2, the signal. Iterative techniques are preferable and extensively use

cross-covariance vector between the desired signal and @ gradient expression given in (29). Another issue when
received signal as considering complex signals is the information loss when only

2 3 considering the covariance matrix in solution. This is due to

Efd [n]Ju[n]g the transversal Iter scheme used, which does not capture other
_ _ . . important information that a complex signal may possess. The
pn] = Efd [n]uln]g = § z ' next section examines these details, showing that complex
Efd [NJun M +1]g signals shoul.d have their properties de n_ed in a more general
M1 manner, not just by the covariance matrix.
and the covariance matrix of the input signal as
C[n] = Ef u[nju™ [n]g " V. SECOND ORDER STATISTICS
Efuln]u [nlg Efulnju [n M+1lg (27)  When dealing with complex signals, it is crucial to consider

= : : : certain aspects of their second-order statistics [57]. This is par-
Efuln M+1l]u [n]g  Efuln M+l]u [n M+l]g ticularly relevant because Gaussian distributions are frequently

The covariance matrix is ¥ M Hermitian matrix that is employed to characterize signals, particularly in the context
positive semide nite [45]. We will use the term “covariance”of noise modeling [58]. In this section, we explore in greater
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depth second-order statistics and their implications in compléx Circularity and properness of a complex signal
signal analysis.

Considering a complex zero mean scalar sigug] as- A 'complex .discrete. signal, which is the fOCl.JS of this
sumed to be ergodic, its scalar covariance with a delagn of futorial, is a discrete time sequence formed by its real and
samples is expressed as imaginary parts [35], [36], _[45]. A signal is a_llso assomateo_l

with measurement uncertainties, external noise, channel dis-
ry(m)= Efu[nJu [n mjg: (31) tortions, etc. Therefore, a signal received by a certain device

Along with this de nition, the covariance matrix for the has a probability (distribution) associated with it. The signal

regressive vector oM samples of (31) can be representeg'Stort'onS’ along with the need to re'cov.e rthe .o riginal S|gnal,
are precisely one of the reasons that justify ltering operations.

by 3 The fact that a complex signal is a sequence with two
ru(0) ru(1) (M) components that can be associated with probability distri-
c- E ry(1) re@©  vory(M Z)é (32) butions allows for statistical study. A signal of this type
- : : . ; ' may have a distribution associated with each component, but
WM 1) ryM2) i ru(0) generally signals with theame type of distributioin each

o ) ) ) ] ] component are considered here, even if the parameters are not
which is equalent_ to the matrix described in Equa_uon (27he same. We will also begin the study of complex notation
For a complex signal represented bfn] = x[n] + jy [n], in statistics, speci cally focusing on distributions and second-
the expression for the covariance rat = 0 in terms of itS  order moments. With these concepts de ned, it becomes more
components is practical to characterize signals in complex notation, similar to
ru(0) = Efx2[n]g+ Efy2[n]g: what was done in Section IV-A with the calculus of Wirtinger.
Consider a complex random variable of the farm= X +
We can dene ry(m)= Efx[nx[n mlg and jy . ., 1 C wherebotX : x ! RandY: vy !
ry(m) = Efy[nlyln mlg. Using these denitions, We R are real random variables [60]. The symbotepresents the
obtain an expression that relates the signal's correlation to #gant space corresponding to each variable in the subscript. It
correlation components at =0, is important to note that due to the impossibility of ordering in
ru(0) = rx(0) + r,(0): Fh_e com_plex eld, the probability den_smep;are calculated as
joint variables betweeX andY, thatis,pz(z) , pxvy (X;y)
Certainly, if the components, (0) andry(0) are known, it [28], [49], [61], [62].
is possible to obtain the covariancg(0) for the complex Ty fundamental concepts interrelated in complex signal
signal u[n]. However, the reverse is not feasiblg;(0) and analysis arecircularity and propernesg21], [22], [26]. The

ry(0) cannot be deduced solely from (0). Some additional general descriptions of these concepts are condensed as fol-
information is necessary, even for any given valueofThe |qs.

missing piece that connects real and complex representations ] ] ) )
is the concept opseudo-covariancesometimes referred to as Circularity (also includes the concept of noncircularity):

complementary covariance [59] or the relation matrix element !N Simple terms, a complex variabe = X + jY is said
[24], de ned as to be circular if its probability distribution is the same

as the distribution of its rotated versi@h Z for every
u(m) = Efu[nJuln  mig: (33) 2 [ ; ). This de nition requires that all moments
associated with the distribution are equal in the real and
imaginary parts, for any moment order. Also, the cross-
moments are zero. Non-circularity is the opposite of this
de nition.
u(0) = r(0) ry(0) +2jryy (0): (34) Properness (associated with the concept of impropri-
ety): Consider only second-order statistics and allow for
easy characterization of bivariate Gaussian distributions
(whether scalar or vector). The properness takes into ac-
count only second-order moments, i.e. a signal is said to
be proper (second-order circular) if its pseudo-correlation
is zero: this makes the cross real second-order moment
zero and the real second-order moments equal in each
component.

The previous expression is similar to the de nition (31), but
the conjugate is not taken here. Evaluating equation (33) for
m =0 one should obtain

The valuer,, (m) = Efx[nly[n m]g is the covariance
between real and imaginary components. With the expressions
(31) and (34) in hand, it is now possible to relate the real and
imaginary components to the complex version. It also becomes
explicit that the correlation expression (31) does not take
into account the covariance between the real and imaginary
components: This represents an important information that is
not utilized in the solutions of the optimal lter or gradient as
calculated before. For Gaussian distributions, both the concepts of circu-
Before examining a lter capable of capturing the behavidarity and properness are equivalent because these distribu-
of pseudo-covariance, it is important to spend more time &@ns are characterized only by second-order statistics and
the fundamental concepts and properties of complex signdlg mean [63]. As an example, consider a bivariate Gaus-
particularly their circularity and related properties. This wilkian distribution denoted bW ( = 0; xy ) where =
be addressed in the next section. x =0 y =0 T is the mean vector composed of the
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means of each component and highlighting the use of complex coordinates to represent the
" , real Gaussian distribution. In the particular case where the
xy = X ;W (35) variable is proper, we must have, = 0. This implies
XY Y

conditionsrxy =0 andry = ry simultaneously. The density
is the real covariance matrix associated. The probability den-then expressed as in [62] by
sity function that represents the distribution is given by

1 1 1 X
iz eXp 5x Yl , , _
(de{ xy])'=2 2 vy The contour lines for Equation (36), equivalent to the expres-
h ) . i . / sion in (40), are illustrated in Fig. 12. This gure features the

By the previous de nitions, a Gaussian distribution is said tE?ontour plot for two Gaussian distributions with zero mean:

be proper ifrxy =0 andrx = ry. One possible measure of, o circylar, depicted in Fig. 12(a), and another with a real
how circular or elliptical the Gaussian distribution is, in termﬁircularity coefcient , = 0:8, presented in Fig. 12(b)

of its components, is given by the real coef cient of circularity
(real version, indicated by subscript

1 1.
pz(z) = ?eXp rJle
pxy (Xy) = ‘ ‘

r
r = ijEj: (37)
I'x Iy

with j j 1. More precisely,
o IXY X Y
r— v V)
I'x % Ty v

©

for a distribution that is not centred on the origin. The
expression in (37) is also known as the Pearson coef cient
[64]-[67], representing the relationship between the cross-
component and each energy component of the distribution. @ (b)
The covariance in terms of the complex random variable
Z = X +jY , similar to the equation (31), is Fig. 12. Contour lines for a zero-mean Gaussian wjthr 2.
In (a), the value of , = 0 indicates the circularity of the
distribution, while in (b) with a value of, = 0:8, it shows a

The pseudo-correlation, according to (34), non-circular (elliptic) distribution.

r, = EfZZ g= EfjZj?g=rx + ry :

7z = Eszg: I'x Iy +j2rxy

Note that each value of pseudo-covariance can be a complex/ugmented Correlation Matrix and Process

number, whereas covariance values are always real. It isThe concepts developed so far can be used to extend the
interesting to de ne a new complex circularity coef cientanalysis to multidimensional random variables (or processes),
instead of the real Pearson. Taking the de nition used @imilar to what was developed in section IV-A. This will be
[26], [57], we have the expression of the complex correlatig#one here because it also introduces important notation that is
coefcient as used in non-circular signal analysis.

_ Efz?g _ 7 (38) For a given random column vect@ = X + jY 2 CN,
°T EjzZj2g rz’ where each componeKt andY is a real random variable with
The absolute values of, are normalized, i.e0 | o < 1 zero mean, there is a compact way to write the augmented

a[:orrelation matrix, with the help of the complex augmented

[46]. The complex coefcient (38) is related to the re vector de ned at (8). We can construct the random version

coef cient (37) according to [26] by

asZ = Z' zM ' and dene the complex augmented
_ Imf g . covariance matrix as
r — —_—— .
1 Re H T
It is possible to construct the augmented correlation matrix g g (41)
directly by taking the correlation of the augmented complex _ ¢ ¢
random variablZ = Z Z ' and its hermitian as C C ,y o
B 7 rz oz . Notice thatC (without the underline) is the complex co-
_=E Z Z Z = , I, (39) variance matrix as seen before, obtained directly from the

o ) ) _complex transversal Iter design (which, instead of using a
The distribution (36) |n.terms of augmented variables USiNbnericz random vector, uses the signal as a vector). The
the augmented correlation (39) is matrix C is called the pseudo-covariance matrix. The use of
1 Lz the tilde (7) above the matrix symbol is commonly employed to

pz(2) = “(det )72 exp Q[Z 4N ; (40)  denote complementary matrices (pseudo-matrices concerning
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impropriety), and it will be used here as well. The compleln this model, the complex process (signdljn] comprises
augmented matrixC is important in the de nition of widely the real component&[n] andB [n], both of which are scalar
linear lIters and can be obtained directly from its structure/VSS processes with the same distribution. In the standard
as will be seen later. case, each process has a zero mean and, in general, is not
The components of (41), each with dimensibh N, correlated one with the other. The deterministic tuning param-
written in terms of the real components of the complex vectaters and' are: the prole ratioO< < 1, representing
are the weight assigned to each component and the variable
B T T . T - ' 2 ( ; 1 indicating the rotation of this prole. The
C=EfXX g+ EfYY 'g+] EfYX g EfXY 9  gignal can glso be expressedzis] = X [n] + jY [n], where
C=Cyxx +Cyy +j(Cyx Cxy): X_[n]:_ e‘_ 1 2A[n] aanY[n] :_(-:J B [n], facilitating
visualization on a real/imaginary axis pair.
and The relation between the prole ratio/angle present in
C=Cxx Cyy+j(Cxy +Cyx): equation (42) and the complex circularity coef cient (38) for
a WSS process is given by
In the case in which the vector is proper (second-order

circular) the pseudo-covariance vanishes, tha€is; 0. c=(1 277 (43)
It is possible to characterize discrete-time Gaussian Pro-|1 the case of signals[n] andB[n] in (42) being uncorre-

cessss that vary o(\j{er t|rtne throulg?_ scilat:Ncovailr? nee, Wr|5|P§d, both being Gaussian signals with zero mean and unitary
can be seen as a discrete convolution between the signal gh ance, this implies that the covariance matrix of a vector

its complex conjugate. Pseudo-covariance can be viewedrﬁlplvI samples ofZ[n] is C = I, and the pseudo-covariance

the same way without the conjugation o_pergﬂon. For a sca htrix isC = ¢!, wherel represents the identity matrix with
value Z[n], each element of the correlation is

dimensionM M. This result is similar to that found at [49],
rlk;m]= EfZ[k+ m]Z [kKl]g EfZ[k+ m]gEfZ [Klg; with the exception of rotation .
o One can remember that in the case of a proper process,
and for the pseudo-correlation is < =0, which is equivalent to ; = 0. This value for

o ] leads to a prole ratio of =1= 2 for all ', and the
Fkom] = EfZ[k+ m]Z[klg EfZ[k+ m]gEfZ[k]g - components will be multiplied by the same factor and also

If r[k;m] = 0 for every pair[k; m], the process is said toWill be uncorrelated.

be proper. If the mean is zero, the correlation coincides with

the covariance of the processes. For a zero-mean WSS (Wigle-simulation for Signal and Noise
Sense Stationary) process, one can write

To illustrate the behavior of complex signals, we performed

rlk;m] = r[m] numerical simulations and computed second-order statistics.

Fig. 13 and Fig. 14 display Gaussian signals and their statis-

and tics, while Fig. 15 shows the 4QAM pattern. In all cases, a
Hk;m] = #[m]; set of 2 10 points was used and a similar analysis was

. L employed to examine the pro les and histogram together with
depending only on the time interval between samples. For.a . .
the, covariance and pseudo-covariance gures.

process that can be modelied by a Gaussian WSS process, JIIhe initial experiment used a circular Gaussian signal,

has the property tham] = rz andrm]= 7 for all m. as dened by the expression (42). For this process, both

Complex signals can be modeled as discrete-time process%srhponems,A[n] and B[n], have zero mean and unitary

this is why the study of these processes is fundamental. e nee. Fig. 13(a) displayﬁjhe prole of all realizations

next topic details the signal model that will be adopted I the case where = 123 The signal histogram is

the simulations in this tutorial, allowing for easy parameterresented in Fig. 13(c), which illustrates the frequency of

3gjeudstment and facilitating the understanding of the mOdEiF/fglues concerning the spatial distribution. The covariance

values, seen as a convolution of the signal with itself, are
shown in Fig. 13(b). In particular, the nearly nonexistent
C. Signal modeling pseudo-covariance is observed in Fig. 13(d), as expected in

To model and reproduce the simulations performed in tHiae cirqular case. Pseudo-covariance of data is the indicator
work, it is recommended to adopt a signal model de ned bipr testing the properness. . . .
parameters. By adjusting these parameters, one can obtain &9+ 14 depicts a similar analysis for the non-circular signal
multitude of distributions, and for a speci ¢ set of values, yof/ith the prole illustrated in Fig. 14(a). The histogram is
can achieve a circular (or non-circular) pro le for a procesBresented in Fig. 14(c). In Fig. 14(b), the covariance is shown
(signal). This standard signal is constructed here with t@&d in Fig. 14(d), the pseudo-covariance is displayed. The

general form of the adopted process in [49] with the presenEfSence of a signi cant value at zero lag in the pseudo-
of rotation factor as covariance suggests that the signal is non-circular.

p An example can be illustrated using a pair of 4QAM signals
Z[n]=¢ 1 2A[n]+jB [n] : (42) plus noise, as depicted in Fig. 15. Both signals in the gure
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Like in the last experimentA[n] and B[n] have a Gaussian
zero-mean distribution with unitary variance.
Fig. 15(a) shows the pro le of the rst 4QAM simulation.
Its covariance is shown in 15(b) and its pseudo-covariance in
15(c). As expected, the symmetric 4QAM signal is proper, as
can be seen in the pseudo-correlation graph. In the bottom
row of the gure, the same is done for the second 4QAM
realization, now with =0:3 and' =0, which generates an
(@ (c) improper signal with pro le 15(d), indicated by the pseudo-
correlation shown in 15(f).

Simulations are crucial because they illustrate the char-
acterization of signals through their second-order statistics.
The presence of a non-residual value (energy) for pseudo-
covariance, as depicted in Fig. 14(d) and Fig. 15(f), indicates
the existence of information (the variance between real and
imaginary parts) that can be considered in the processing of
the considered signal.

The lter depicted in Fig. 4 is unable to capture the pseudo-
covariance using the mean squared error (MSE) cost function,

which can pose a problem as some information may be lost.

Fig. 13._Zero.me.an Gaussia}n circular signal. In (a), the pro.L?he next section presents a lter model that can capture
of the signal is displayed. Figure (b) shows the correspondlﬂge pseudo-covariance of a signal even when utilizing the
histogram. (c) presents the covariance as a function of lag (hér-

. . . X ? ¥ quadratic error function. This model of adaptive transversal
izontal axis), while panel (d) illustrates the pseudo-covarian : . )

o . ) ter is referred to as the widely linear lter.
versus lag, which is nearly zero, consistent with the properties

of a circular Gaussian signal.
VI. COMPLEX AUGMENTED TRANSVERSAL FILTER

In Section 1I-C, we explored the transversal Iter with
complex coef cients, demonstrating its capability to handle
complex signals in various con gurations, although an explicit
iterative solution was not provided. It is important to note that,
despite its versatility, this Iter design does not account for
the statistical characteristics associated with the non-circularity
exhibited by the signals, a point that has been emphasized
throughout. To address this limitation, we introduce a novel

@ © approach, rather than merely extending the real transversal
Iter to the complex domain.

This leads us to the concept of thedely linear lter, a
pivotal design for the analysis of complex signals. It pro-
vides an expression that incorporates both covariance and
pseudo-covariance matrices, addressing the limitations of the
conventional transversal Iter. With this Iter model and the
use of augmented notation, we can derive expressions similar
to those obtained in conventional complex Itering (Section

() IV-F). These expressions yield optimal coef cients and will
®) be demonstrated at the end of this section.

Fig. 14. Zero-mean Gaussian non-circular signal. In (a), the
time-domain pro le of the signal is displayed. Panel (b) shows. The Widely Linear modeling
its histogram. Panel (c) presents the covariance as a function o

lag, and (d) illustrates the pseudo-covariance, also asafunctior%me way to deal with pseudo-correlations that may be

of lag, which now exhibits signi cant values, indicative Ofpresent in certain types of signals is to use a different scheme
secona-order non-circularity ' than what has been employed before. The chosen design is a

con guration composed of a pair of transversal lters working
together, as shown in Fig. 16. The blocks indicated doy
exhibit circular noise modelled by the expression (42) with 3d h are complex transversal lters with sizél each, as
scalar factoN = 10 as described in Flg. 4'(abstracted in Fig. 5). The block |n.d|cated
o p by the dashed line in the gure represents the composite lter,
Z[n]=¢ 1  2A[n]+jB [n] =N: (44) denoted here by the symbuwl.. This con guration is called
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@ (b) ©

(d) (e) ®

Fig. 15. Distribution of 4QAM in two cases:(a) circular and (d) non-circular. In (b), The covariance of the circular signal
version. (c) The pseudo-covariance of the circular version of signal. (e) The covariance of the non-circular signal. (f) The
pseudo-covariance of the non-circular version of signal.

compose the system can be represented by vectors with
complex coefcients,g = Qo Q1 ::: Oum 1T and
h = ho hy :: hy 1 with g;h 2 C, 8kl 2

u[n]

EB vin] f0;L,:::;M  1g.

Similarly to what was done in Fig. 5, the lIter design can
be abstracted into a box that provides a widely linear output
as shown in Fig. 17. When the structure is represented in this

@]

ufn] o We o v[n]

,,,,,,,,,,,,,,,,,,,,

Fig. 16.Con guration of a widely linear transversal Iter. The input __ ) ) ) ]

signal is split into its non-conjugated component, processed by thtd- 17.Abstraction design for a widely linear Iter. The augmented
transversal lterg, and its conjugated component, obtained via théignalu[n] is Itered by a pair of transversal lters, represented by
() block, processed by the transversal Ithr The outputs are the boxwe, resulting into a scalar signa[n] = g" u[n]+ h" u [n]
summed to produce the signgn].

way, it is important to make it clear which con guration is
awidely linear Iter, and is named so because of the form ofised at each moment to avoid confusion. In order to avoid
its output, this in this work, we will always state which structure is used
v[n] = g™ u[n]+ hHu [n]: (45) at the moment: the usual one for the transversal structure in
Fig. 4 and the widely linear one for the one shown in Fig. 16.
Equation (45) represents a linear combination of the inputAs we conclude this topic, a pertinent question may arise:
signal and its conjugate, utilizing Iter coef cients. Note thatcan the widely linear lter be effectively employed in the
this expression is linear i62M for the variablesv, andu[n], con gurations illustrated in Fig. 7, Fig. 8, Fig. 9, and Fig.
but non-linear in the signal spa@ , whereu[n] resides. This 10, among others? The answer is af rmative, albeit with con-
non-linearity arises from the conjugation operation, as showiterations: the widely linear lIter proves particularly useful
in Fig. 16. when pseudo-correlation is a signi cant concern. In scenarios
Remember that the two complex transversal Iters whictvhere pseudo-correlation is less critical, the transversal Iter
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may suf ce. the expressions for the derivative (gradient) and the optimal
Before examining the application of the widely linear Itersolution (in terms of the minimum mean square error).
in the aforementioned con gurations, it is crucial to understand Recall that the set of deterministic coef cients is a com-
how the optimal coefcients are calculated concerning thgosite complex variable that can be considered as a regular
given input and output. This aspect will be explored in theomplex variable with twice the dimension. By differentiating
subsequent section. the previous expression (47) with respect to this variable (Table
), one obtains the expression for the adaptive gradient,

B. The Widely Linear Optimal Solution @ wivsE

The widely linear Iter design shown in Fig. 16 produces a @vt

signal outputv[n] given by expression (45). This output ca . L .
be used, for example, to minimize the mean square error in rt]H%e gradient equation is noticed to have the same form as the

same way as was done in Section IV-F to obtain the optimu?ﬁ1e developed for the usual complex case (29). With regard to

Iter coef cients. Before that, it is important to compress thethe components, the reader can easily verify that the previous

widely linear output expresszion inté) a shorter notation, equation is equivalent to the system,
h i um @ysE = p+ Cg + Ch
v[n] = gH hH 4u [n]5 = WCHQ[I’]]Z @]@T]{VIT—!MSE = g+Cg+Ch

= Pct Cwe (48)

(49)

The expression for the optimal coef cients, which is the

H — H H . . . .
Here,wc = g" h" is a compose complex vector anderg of (48), will also maintain the format of its non-
u[n] is the augmented complex vector of the input signal. Trg:hgmented version and can be written by
subscript "¢’ will be used to name composite vectors that are

constructed by placing one complex vector over the other. Note wit=C e (50)

that the augmented vector is a particular case of a composite . _ ) _
vector and should not be confused with it. The same optimal solution could be found while solving the

The expression for the lter error in relation to a trainingrSyStem equation in (49). The compose vector notation adopted
signald[n] is or the augmented Itering not only saves ink but also allows
for easy algebraic manipulation, as long as care is taken when
ew[n] = dn] wf un]: using the relationships developed in section IV-A.

Here, the WL subscript emphasizes that the error is deriv d'\IOte that the optimal widely linear solution has the same
from 'a widely linear Iter orm as the optimal complex linear expression in (30), but now

With the error expression in hand, we can de ne a COg?kes into account pseudo-correlation as well as composite

function that represents the mean squared error, analogougr%ss-correlatlon. The opt|me-1l solutpn here presents the same
(4). The widely linear mean-square error is given by problem as the one found in the linear case: the presence
' of a matrix inversion. In the augmented case, the operation

Jwimse = Ef(d[n] wcH u)(d[n] WCH u) g (46) becomes more costly due to the dimension of the augmented

. . o . correlation matrixC, which is twice that of the complex
To develop the previous equation, it is convenient to de ng

. . . . _ CorrelationC (if the sizeM of the linear Iter w is kept the
in addition to the scalar variance already mentiongd= : :

i " . i same for each Iteg, h that composes the widely linear lter).
Efj d[n]j“g, the expressions for:

_ _ . To overcome the inversion obstacle, the next topic discusses
The complex crops-covariance composite Vector is  gome methods used for the complex case that can be adapted

< = for the widely linear case.
uln n
petn1= £ a4 Ms = 4PMs
' u[n] g [nl VII. | TERATIVE METHODS FOR TRANSVERSAL FILTERS
wherep[n] = Efd [n]u[n]g, q[n] = Efd[n]u[n]g. In Sections IV-F and VI-B, optimal solutions for both the

The augmented covariance matrix for the input signal E‘%mplex and augmented versions of the transversal lter were
2 3 ; L

cil  cn developed._ In both cases, it would be hlghllghted that an

Cln]=4 5 exact solution was infeasible due to the computationally costly
C [n] C [n] matrix inversion required. The importance of the gradient,

which represents the derivative of the cost function, was also

with C[n] = Efu[n]u™[n]g andC[n] = Efu[n]u’[n]g. emphasized. To mitigate the computational costs associated
Considering the statistics of a WSS process in which tlvth the computation of matrix inversion, iterative techniques
correlations do not vary with time, the obtained cost functioare often preferred [68], [69]. This section explores some
(46) can be written as principles of these techniques to address these challenges.
(47) The iterative approach begins with an initial estimate and
proceeds to perform a series of calculations to re ne the
The expression obtained in (47) has the same format estimate until specic stopping criteria are met. Given a

the complex expression in (28). With this, we can obtaicomplex vectomw of arbitrary size . for the WL Iter or w

_ 2 H H H )
JwiMse = g PeWe W P+ We Cwe !
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for a linear complex Iter, for example), an iterative procesé. The General Gradient Augmented Expression

of rst order can be expressed using a difference equation, . . .
P g g Here we develop the iterative expression (52) and the

wln+1]= w[n]+ w[n]: (51) adjustment factor (53) based on equivalent real methods using
the relationships described in Section IV-A.
Letr = xT yT ' be a realR? compose vector, the
%neral method for optimizing a real functidénis given by
e iterative method.

Starting from an arbitrary initial valuev[0], the method
successively iterates over until the stopping condition is
satis ed. w]n] represents the update that should be applied
each iteration. What differentiates a speci ed algorithm fro
the other is how the update is calculated.

This principle can be extended directly to the augmented
case with

rin+1]=r[p] M 10[”])%0[”])1 (54)

wln+1]= wn]+ w[n]: (52) inwhichM (r[n]) (without underline) is a real positive de nite
o o o matrix at pointr[n]. By multiplying both sides in (54) from
The augmented notation better encapsulates the de nitions thd by the matrixT (11) we obtain the expression
we will see for the gradients, making it the preferred choice.
Algorithms that utilize the gradient as an adjustment factor +1] = 1 @ )
typically express the increment factor as Trn+1]= Trn ™ ~(rin]) @7 (rinD): (55)

wlh]= 2 [nM. (w[n]) @f wn)): (53) From now on, we will avoid overloading the notation used,
o T Tavt and for this purpose, any term without the speci ed point will
be considered as iw[n] for augmented and im[n] in the
real compose case. Applying the gradient transformation (20)
fo the expression (55) we can write the update rule

Here,M (w[n]) is an augmented matrix, ar@f=@" (w[n])
denotes the gradient of the cost functibrat the pointw[n].
The real scalar [n] that adjusts the size of the increment fo
each iteration is called the step (or learning) factor. @f
The algorithms that employ the mati can be classi ed Tr[n+1]= Tr[n] T™M *'TH @ (56)
into two main categories, depending on the choice of this
matrix: Finally, applying the coordinate transformation relation (10)
If M is equal to the identity matrix, the algorithm is and also through the matrix relation between real and aug-
known as the gradient descent method. mented matriceM = 1TM !TH [28], the augmented
WhenM is equal to the augmented Hessian maktiof ~version of the update rule (54) can be expressed as
the cost function, the algorithm is known as the Newton
method. The Hessian represents the second derivative and wih+1]= wln] 2 M *! @f . (57)
is used to obtain curvature information of the surface Qv

curvature of the cost function. L .
) ) i . It is important to note that Equation (57) represents an
Fig. 18 illustrates this cat_egorlzatlt_)n_as a set map. Recall ﬂ?;ﬁ'}gmented expression: There is implicit redundancy, since one
these methods can contain a multiplicative constant [nl, .o ynonent is the conjugate of the other. To make it clearer,

assumed constant from now on W|thout_ IO.SS of generalify 1o jnverse of the matrik , at some arbitrary valid point,
A too large step size can lead to oscillations around trb% given by [28]

optimal solution, while a too small step size can result in slow
convergence of the algorithm.

. A B
M =3

A (58)

Iterative Method
Using (58) above in Equation (57) and taking the rst com-

Gradient Method ponent, we have
Gradient Newton wn+1]= wn] 2 A @@3: +B @\,@i ; (59)
Descent Method
which is the expression of the complex (non-augmented) gra-
M =1 M=H dient. Note that the expressions (57) and (59) are equivalent.
It is important to note that while the augmented version is
w[n]= 2 [n]M 1[n]@@3ﬁ. (w[n]) redundant, it also becomes more compact, which is why it

was used in Fig. 18.

The multiplicative factor of two that appears in the expres-
sions because of the form of the Wirtinger derivatives can be
Fig. 18.Sets that categorize the main methods utilizing the gradieicorporated into the step factor or not. Care must be taken
as a parameter adjustment method. when choosing how to compare it with complex algorithms
that may or may not incorporate this factor [70], [71].

wln+1]= w[n]+ w]n]
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B. The Gradient Descent form of v[n +1] = wen +1]  wa

is the cak@n be written as

the previous equation

The gradient descent, as shown in Fig. 18,
where the matrixM used is the identity. Using directly
the equation (59) one can determine the expression for the
stochastic gradient for two situations: the complex case and

v .« . . . — H
the widely linear case. The function for which the gradienf3!agonalizing the covariance matrix & = Q_Q' and
are to be calculated from now on is the cost function. multiplying both sides by the eigenvector mat@@” we

. obtain
For the case of the complex linear ltew[n] 2 CM,
where M is the size of transversal lter, the gradient
descent update is given by

ve[n+1]=(1 C)ve[n]:

Q"ven+1]= Q"Q  Q"Q_ Q"v[n]

_ @ Lastly, we renam®" v¢[n] = [n], allowing for a simpli ed
win+1]= win] 2 @H - (60) " form of the expression,
In the widely linear casev, the update rule becomes
@ n+1]=(1 ) nk: (63)
wen+1]= weln] 2 —— 61
o ] o[ @vf (61) In order to ensure that the iterative method remains con-

Note that in the case of the widely linear lter is still a vergent, the idea is that during each iteration, the magnitude

regular complex variable (non-augmented), and in both cas@fsg,he updates in the parameters does not increase. To
the identity matrix is used, maintaining the same format f@chieve this, the adopted condition is that — _,j < 1,

the solutions. for = diag= f_,g;'; . With the condition that the step
Replacing equation (48) into (61), we have the expressi§if€ should be positive to avoid changing the direction of the
for the cost function] w yse as gradient, we can write the stability condition as
weln+1] = weln]+2 (pe[n]  Clnjweln]):  (62) 0< < -2

The linear CMSE solution has the same form as the expression e

above, simply replacingvc with w, p[n] = pc[n] andC[n]  where_,,, is the maximum eigenvalue of the augmented
with C[n] . _ . . covariance matrix.
The expression (62) in terms of its components Since computing the eigenvalues can be computationally
_ expensive, the trace of the matrix is often used. With this, the
gin+1]=gnl+2 (p Cgn] Chn)) stability condition for the step size can be expressed as
h[n+1]= h[n]+2 (g C g[n] C h[n]):

2 2
The entire development could be carried out fprand h 0< < —x o)’ (64)
separately, but writing in terms of extended and augmented —mex =
vectors makes the development less tedious while maintainigge the relation
the solution similar to the usual case.
2(% +1)

tr(C) = :

C. Values for the Step Size ©) k=1 o m

The step size, denoted by, is a crucial parameter in . . .
gradient descent and various other optimization algorithms.ﬁpe operator tr denotes the trace of the matrix. This condition

regulates the size of parameter updates in each iteration. THRR '€ ! estrictive whil_e also ensuring the algorithm's stability
are two main approaches to the step size. In the rst approa&?ncemmg the step size factor. )

the step size remains constant throughout the optimizationl]_he same steps can be applied to the non-augmented
process. In the second approach, the step size values tafPIex case, resulting in
be adjusted during the coef cient adjustment process. In this

topic, we will discuss the different values that can be assigned 0<

2
3aisc - ) tr(C)
to the step size in the context of the widely linear Iter. The

appropriate choice of this pgrameter is critipal, as it directl),(S an exercise, the reader can easily verify this equation.
affects the speed and effectiveness of algorithm convergencey, ;o important to note that the maximum step size required

To analyse the step size, we will rewrite the gradient descqqf v, \idely linear approximation should be smaller than its

equation (62) as follows: linear counterpart if each length of the widely linear case is the
won+1]=( | C)wen]+ pe: same as that of the I'inear case. This is because the trace of the
augmented matrixC is greater than the trace &, resulting
Here, the identity matrix has a size 02M 2M . By shifting in a decreased convergence speed to achieve stability in the
the lter coef cients in relation to the optimal solution in the augmented case.

(complex case)
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D. The Newton Method which is the same increment=  w described in Fig. 18,

The Newton method is an optimization algorithm that usd8 the case of the Newton method. .
second-order information provided by the cost function. The 2) The method applied to linear IterThe previous def-
method takes into account the curvature of the functiofitions can be applied to the complex linear case using the

encoded as the Hessian matrix, helping to nd the optim&Pst function given by (28). The components of the Hessian
augmented matrix, in relation to the coef cientsv, for this

oint.
P The advantage of Newton's method is its ability to approadPst function are given by
a critical point more ef ciently than methods such as stochastic @
gradient descent. The downside is the computational cost @vH @‘J cmse = C
involved in the calculation and inversion of the Hessian matrix;,q

For widely linear Iters, Newton's method is based on the @ QJ -0
augmented correlation matrix and can be obtained by the @t @ “CMSET

second-order approximation of the Taylor series of the costThe Hessian matrix relative to the functidremse(w) is
function. 3
We will employ the second-order approximation of the Tay- cC o0
lor series to demonstrate that the Hessian matrix is equivalent H=4 F (69)
to M . Additionally, we will express Hessian using the second- 0 C
order derivative notation as described in (23). allowing us to write the iterative expression for the lter case,
1) Optlmal increment with Taylor's seriesThe Taylor with the presence of a Step factor, as
series for a real functiofi in its second-order approximation @
in the composite real case= xT yT ' with x;y 2 RM wn+1]= w[n] 2 C '—-Jcwuse (70)
around a point is given by @v

¢ 3) The method applied to widely linear IterThe same
f(r+k) qg=f+ kTgT + }kT HK : (65) procedure can be done for the widely linear Iter case con-
@ 2 sidering the cost function as WLMSE. The components of the

In the previous expressiom, refers to this being a quadraticHessian augmented matrit., in relation to the coef cients
approximationk 2 R® is the increment vector to be usedy ., for the cost function (47) are given by the expressions
and the matriH is the Hessian matrix relative to the function

f in terms of the. compose vectcur,'given by (21). With . @% @V@ Jwimse = C
expression (65) it is possible to obtain the augmented version c c
using the relationships described in IV-A, which is and @ @
@f 1 ——Jwimse = 0:
q=f + " a " E*H H ; (66) @vy  @v,

. The Hessian matrix relative tdwimse(We) is
with 1 ) 3
H=>THHT; (67) cC o0

4 Ho=4— 5 (71)

and = Tk. 0 C
To determine the form off, we simply need to expand the

expression in (6Q'2With this, The iterative expression for the widely linear Iter case can

2 32 3 be expressed as
H—14| I & o %54 g _ 1 @ .
=4 il @ ef @ of i we[n+1]= weln] 2 C @\1753 WLMSE: (72)
f £ Here, the gradient is also given by (48).
@ of @ _ef @ @f . o
= 4@ av @ @ 5_ = Linear and augmented complex development are similar
o % - % @t @av because both use the standard vector of a complex variable.

. . . However, in the compose case, the complex variable needs to
using the adopted notation. The factor of 1/4 is ab.sorbed. by tgg divided into two other variableg, and h, implying that
Wirtinger operators to form the augmented Hessian. With t ‘iamUSt have an even complex dimension (this requirement
Hessian matrix determined, we can continue the developm?§1 | . : .

. ' ) . . ready met by the design of the widely linear lter).
through the Taylor series. The optimal value fois obtained y Y 9 y )

by the zero of the derivative with respect to the increment 0{”” s A A
e ororcasion (66), . STOCHASTIC APPROXIMATIONS ANDALGORITHMS

The iterative methods presented in the previous section

qu = @@: + %L: 0: provide an alternative to the optimal solutions proposed in

@ Equations (30) and (50). These optimal solutions suffer from

The optimal increment is the drawback of matrix inversion, as mentioned earlier. The
. @f astute reader may have noticed that Newton's method also

_= 2H @’ involves matrix inversion in its equations, presenting the same
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issue. Furthermore, all of these methods require computation M points _

of the correlation expectations, which is impractical in real- e TR ° . Signal
world scenarios. This section aims to address these challenges ¢ | o1 ¢ T ip le ¢ T e '

by transforming the aforementioned iterative methods inta_? . . li. R ! ? fel it o,
algorithms that approximate the values of covariances and ¢ i i i ¢ ° U

matrix inverses.
The rst algorithm is the LMS (Least Mean Square) algo- _

rithm, which is a version of the gradient method considering Iteration

real-time data. The last algorithm is the Newton algorithm Direction

that utilizes the matrix inversion lemma for inverse estimatiofig. 19.Example of windowing used in recursive algorithms (CLMS,

following the same process of estimating correlations as tié4.LMS, and Newton). Each iteration takes into account the signal

LMS method. (blue) contained within the red dashed region for computation and
after this, the window shifts one sample to the right only stopping at
the end of signal.

A. Common Structure of the Algorithms

All the algorithms presented in this section — CLMS,
WLLMS, and the augmented Newton method — share thigear (CLMS) and the widely linear (WLLMS) cases of the
same fundamental structure. They operate on discrete-tikdS algorithm.
signals by using a sliding window of siz . At each iteration, 1) The CLMS CaseThis algorithm is directly applicable
the algorithm uses the current segment of the signal to comptethe linear con guration illustrated in Fig. (4). The funda-
the error and update the lIter coef cients. The general steggental concept behind LMS lies in approximating covariances

are as follows: through instantaneous approximations in the expression (60).
Initialization The estimation process is achieved by considering
— SetN as the total number of samples in the input p[n] = d [n]u[n]
signal. _ Hron.
— Initialize a vector of coefcients W or w¢) with €] = unlu™ [n]:
Zeros. The circum ex accent (*) above each correlation indicates that
— Initialize an error vector to store the error values dt is an instantaneous estimative. It is important to emphasize
each iteration. that different types of estimation can be applied. However,
— (For Newton's method) Initialize a covariance in-in the context discussed, instantaneous estimations are chosen
verse matrix, typically as an identity matrix. because they depend solely on the current iteration instant.
Sliding Window Loop With this, we can develop the equation (60) for the cost

— Iterate over the signal from=M 1toN 1, to function J cmsg using the approximations as follows:

avoid taking values outside the signal.

— Build the input vectoru, and if needed, the aug- win+1]= win] 2 pIn] C[n]w

mented vectou. =wn] 2un dpn] u'w’
— Compute the error between the desired signal and " ]
the estimated output. with the errore[n] = d[n] w"™ u[n]. The expression can be
— Update the Iter coef cients based on the algorithm'sSimPli ed to
rule (gradient step or Newton update). win+1]= w[n] 2 u[n]e [n]: (73)
Output

— Returnthe nal lter coef cients and the error signal. Which is known as the CLMS algorithm. The following

This behavior is illustrated in Fig. 19, where each iteratio'ﬁ‘Igorlthm 1 outlines the operation of Complex LMS as a

. . . _computer function.
rocesses a segment of the input signal (represented in bit® N
P 9 P gnal (rep ) The WLLMS CaseDue to the similarity between the

and shifts the window one sample to the right. UnderStandI%j_MS and WLLMS algorithms, the derivation in the widely

this common iterative framework is essential, as it serv foll th " i the standard
as the basis for all adaptive Itering algorithms discusseq!€ar case follows the same seps as in the standard linear
se, which is greatly simplied by the use of augmented

in this work. Readers are encouraged to implement thedd | tati First imati :
routines using programming languages such as Julia [72] Gmplex notation. Firstly, estimating covariances,
Python [73]. In the following sections, each algorithm is Q[n] = u[nu" [n];

presented in detalils. 0c[n] = d [n]u[n]:

B. The LMS Algorithm These estimates are then used to derive the iterative update as

This topic explores the widely used least mean square
(LMS) algorithm, a well-known iterative method that serves
as an alternative to obtain optimal solutions without the needThe resulting WLLMS algorithm extends the CLMS case
for matrix inversions. Here, we will explore both the complewith a similar structure, as shown in Algorithm 2.

We[n+1]= we[n] 2 uln]ey, [n]: (74)
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Algorithm 1 The CLMS algorithm.

Input: u;d; ;M

N total length of signat (or u)

Initialize the vectorw of zeros with lengthvi
Initialize the vectore with sizeN M +1
forn=M 1toN 1do

u= un] un M +1] "
en M+1]=dn] whu

w w+ ueln M +1]

n n+1

end for

return w, e

Algorithm 2 The WLLMS algorithm.

Input: u;d; ;M
N total length of signat (or u)

Initialize the vectorw, of zeros with lengti2M
Initialize the vectorey, with sizeN M +1

forn=M 1toN 1do

u= un] un M +1] "
u= uT uH
ew[n M +1]=dn] wlu
We  We+ uey [N M +1]
n n+l

end for

return we;ewL

where0 < 1 is the forgetting factor. Using the matrix
inversion lemma [74], the inverse of (75) can be expressed as
€, In+1= ,
Lty & Mum+nutnene fpp, (79
. +urn+1€ ‘nun+1]

. _ 1 .
for an arbitrary and non-zero initial valu€ “[0]. This
approach allows the inverse to be iteratively estimated, as
detailed in Algorithm 3.

Algorithm 3 Augmented Newton's Method
Input: u;d; ;M

N total length of signat (or u)

Initialize the vectomw of zeros with lengti2M
Initialize the vectoreWLlwith sizeN M +1
Initialize the matrix€ ~ (as!, for example)

forn=M 1toN 1do

end for

return we; ewr

The algorithm for the complex linear case is also similar,
with the only distinction being the substitution of augmented
covariances and composite coef cients with their conventional
complex counterparts. This highlights the bene t of employing

'I'_hed\_/;f/LLMS otp))e_rateshsmna}rly_to thfe(ljmelar (_:ase, ‘_’V'th;h’éomposite and augmented notation, as it provides a unied
main difference being the inclusion of dual windowing dug,nework that covers both linear and widely linear cases.

to the structure of the widely linear lIter. A sliding window
of sizeM is applied to both halves of the lIter coef cients:
the signal segment used in the rst half wf. is conjugately

replicated for the second half.

IX. SIMULATIONS AND RESULTS

This section displays the results of some simulated tests

Following the same procedure based on instantaneous stalising the algorithms developed in the previous section. Firstly,
tics, one can derive the widely linear Newton method. Herg, compares the CLMS and WLLMS algorithms, which are

we focus exclusively on the widely linear version.

C. The Widely Linear Newton Method

correlated. Then, it compares the complex and widely linear
Newton methods. These examples were chosen because they
highlight the advantages and disadvantages of each algorithm.
The code used in this section was written in Julia and the step
size considered already incorporates a factor of 2.

In Newton's method for inverse estimation, it is feasible t,  The cLMS and WLLMS simulations

assign an estimated value for the inverse of the augmented
correlation matrix at each discrete time instant. To achieve
this, the covariance matrix is recursively estimated as

Cin+1]= €[n]+ u[n+1]uf[n+1];

The rst set of simulations is inspired by the example used
in [49], a system identi cation with some minor alterations.
The signal used is modeled by the expression (42). The second
example is a noise canceling with a Gaussian and periodic

(75) signal.
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(a) (b)

(©) (d)

Fig. 20. Set of simulations performed for system identi cation, where both the signal and noise followed a Gaussian distribution
with a signal-to-noise ratio 020 dB. The analysis was conducted using the CLMS and WLLMS algorithms with a learning
rate of = 0:04, applied to a dataset & 10° samples. (a) shows the circular case, while (b) presents the non-circular
case. (c) and (d) illustrate the simulations @n] = Ref Wenanne? U[N]g, corresponding to the circular and non-circular cases,
respectively.

1) System identi cation: The rst example is a system cients but, as it has twice the size of the linear lter,
identi cation, as described in Section IlI-A. The desired presents an additional solution component (around zeros,
signal is generated through a Gaussian process in which the as the initial value chosen for the Iter coef cients in the
component#A[n] andB [n] form the signal according to (42). algorithm was zero).

The signal-to-noise ratio is 20 dB and the step size usgdthe simulations conducted, there has been no improvement
was = 0:04. The channel to be identied is given byiy ysing the widely linear Iter in terms of mean squared
Wenannet=  (1+€0s(2 (n 3)=5)) j(1+cos(2 (n 3)=10)) error, even for a severe non-circular pro le € 0:1). In the
forn=1;:::;5. The designated lIter length i®1 =5 (inthe |atter scenario, the widely linear Iter exhibited even poorer
widely linear caseM =5 for eachg andh, resulting in a Iter performance. Performance improvement occurs in the scenario
of total length of 10) to match the size of the channel. Thghere the output signal of the channel to be identi ed is given
complex signals used consisted of the following two casesiy d[n] = reaf Wenanne?U[N]g, Where? represents the complex
Citcular case: The signal has a prole ratio of = convolution operation. Keeping the same parameters as before,
1= 2, a circular case, as described in Section V-C. Thee obtained the results shown in Fig. 20(c) for the circular
result of applying the algorithms is shown in Fig. 20(a)case and Fig. 20(d) for the non-circular case. In this case, the
Non-Circular case: The second example illustrated byadvantage of using a widely linear lter is notable.
Fig. 20(b) depicts the scenario where= 0:1 and' = This example demonstrates that the use of a widely linear
=4, Iter is not always advantageous, even for a non-circular
The resulting coef cients at the end of the simulation fopro le. Each case should be studied and designed, avoiding
the circular case are shown in Fig. 21 for both algorithmsolely relying on pseudo-covariance. The widely linear lter
It is important to note the peculiarities in identi cationmay perform worse than the linear lter in some cases and
using the widely linear lIter, which identi es the coef- better in others, as shown here.
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2) Adaptive Signal EstimationThis scenario involves re- The next section presents a similar analysis using the
covering a desired complex signal from a noisy observatidvewton algorithm.
and is closely related to system identication, where the
system is modeled as a trivial channel corrupted by noig®. The Newton Method simulations
The focus here is on denoising rather than modeling complexthe Newton method used in this analysis follows the
channel dynamics. This simpli cation is particularly advantas ,gmented complex formulation presented in Algorithm 3. Its
geous for directly.evaluating _the performance of the_CLMﬁerformance (shown in red) is compared with the WLLMS al-
and WLLMS algorithms, as it isolates the effects of noise anghyithm (light blue) and the standard complex-valued Newton
non-circularity. algorithm (green).

In this example, the WLLMS algorithm demonstrates better The simulations in this section used the same parameters as
performance when the desired signf] is derived from the those employed in the system identi cation (Section IX-A2).
non-linear operation of taking the real part, as shown in Fig. Fig. 23 illustrates adaptive signal estimation using Newton's
22. Speci cally, a non-circular Gaussian noise is added torgethod with non-circular complex signals and noise. The
signal of the formd[n] = Ref w?u[n]g, and the adaptive lters performance of the widely linear lter is slightly inferior (in

aim to estimated[n] from the noisy observation. terms of error minimization) compared to the complex linear
The parameters used were kept consistent with previogigse.

experiments, except for the circularity factor, which was set
to = 0:4in this case to emphasize the non-circular nature
of the signal.

Fig. 23. Adaptive signal estimation using the Newton algo-
rithms for a complex non-circular Gaussian signal with non-
circular noise.

Fig. 21. Analysis of complex circular Gaussian signals with ) ) . )
circular noise: A graphical representation displaying the Iter Fig. 24 depicts the same process, using the desired signal as

coef cients at the conclusion of each algorithm simulation foi€ real part, following the methodology applied in previous
CLMS and WLLMS. simulations. In this scenario, there is a slight improvement in

Fig. 24. Adaptive signal estimation using the Newton algo-

Fig. 22. Adaptive signal estimation for a complex non'CirCUI"’chms for the real part of a complex non-circular Gaussian
Gaussian signal with non-circular noise. Plot of the eMYanal with non-circular noise

(in dB) for complex linear (CLMS) and widely linear cases
(WLLMS). the performance of the augmented algorithm. In both cases, the
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Hessians-weighted algorithms are compared with the WLLMS
algorithm to demonstrate the faster convergence rate of the
Newton algorithms. The fact that the WLLMS algorithm
reaches lower error levels at the end of execution is mainly
attributed to the use of a step size parameter (or learning
rate), which controls the rate of adaptation. In contrast, the
Newton method does not inherently include such a step-size
mechanism, unless explicitly modified. As a result, although
Newton-based algorithms typically converge faster, they may
not always reach the lowest possible error unless additional
mechanisms, such as step-size tuning or regularization, are
introduced.

X. CONCLUSION

This tutorial has been crafted with the aim of offering a
thorough exploration of the theoretical foundations and some
applications of adaptive filtering for complex-valued signals.
The integration of complex values into signal processing has
proven to be a powerful tool, simplifying calculations and
expanding the scope of capabilities.

The intrinsic geometry of complex-valued data, arising from
the two-component representation, introduces new considera-
tions in signal processing. As demonstrated in this tutorial,
understanding the profile of data is crucial for optimizing
performance in various signal processing applications.

By adopting a special notation, namely complex augmented
representation, and employing a widely linear processing
structure, superior performance can be achieved in comparison
to conventional complex filtering methods in specific scenar-
ios. The purpose of the tutorial has been to demystify the chal-
lenges associated with processing complex-valued signals and
to highlight the importance of considering the data profile for
meaningful information extraction. The techniques presented
here can be readily applied to other models or constructions
of interest, providing a versatile toolkit for signal processing
applications. This tutorial stands as a testament to the ongoing
evolution of signal processing methodologies in the hope that
it inspires further exploration and innovation in this field.
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