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Frequency Analysis of Pulse-Width Modulation on
All-Digital Transmitters
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R. Magri

Abstract—This work investigates the frequency spectrum in
the modulator and up-conversion outputs of a generic all-digital
transmitter architecture. Considering the modulator is imple-
mented as a pulse-width modulation (PWM), it is verified that this
up-conversion process introduces a series of impulses resembling
the spectrum of a unipolar return-to-zero (RZ) waveform in
addition to the PWM impulses. Simulations show the minimum
bit resolution of PWM signals where the impulses introduced are
almost unnoticed, thus their influence is not distinguished from
random background noise. An all-digital transmitter is designed
on a field-programmable gate array to verify it experimentally.
Experimental results show that reducing power from PWM
harmonics leads to a power increase in the RZ harmonics, and
vice-versa. These harmonic’s power present an energy trade-off
relation, a novelty demonstrated in this paper. Finally, but not
least, it is observed that filtering the carrier wave out causes a
considerable amount of power to be lost.

Index Terms—all-digital transmitters, pulse-width modulation,
up-conversion, return-to-zero.

I. INTRODUCTION

ELECOMMUNICATIONS devices highly depend on

analog components, limiting the operation of transceivers
to a single communication standard historically. Different
values of bandwidth and carrier frequency are only achieved
by performing significant changes in the components of the
transceiver or by designing new ones. To tackle these lim-
itations, digital circuits have been investigated in the litera-
ture [1], [2].

Driven by its miniaturization over the last few years, digital
circuits may impact a variety of electronic circuit designs,
especially in the substitution of analog components in the
transmitter or receiver side of radio frequency (RF) systems.
This was reinforced by the development of programmable
logic devices (PLD), which consist of digital logic circuits ca-

Vinicius C. Figueira, Tiago O. Costalonga, Victor Fernandes, Tadeu N.
Ferreira and Vanessa P. R. Magri are with the Department of Telecommuni-
cations Engineering, Federal Fluminense University, Niterdi, Brazil, e-mails:
viniciuscorrea@id.uff.br, tiago_ogioni@id.uff.br, fernandesvictor@id.uff.br,
tadeu_ferreira@id.uff.br and vanessamagri@id.uff.br, ORCID: 0009-0002-
8527-8150, 0000-0001-5967-7719, 0000-0001-5179-0645, 0000-0002-9964-
9699 and 0000-0002-8151-215X.

Jorge V. de Almeida is with the Electrical Engineering Department, Poly-
technique Montréal, Montréal, Canada, e-mail: jorgevirgilio21@gmail.com,
ORCID: 0000-0002-7720-2466.

Submission: 2024-05-12, First decision: 2024-08-20, Acceptance: 2024-10-
09, Publication: 2024-10-12.

This work was realized with a scholarship from Emerging Leaders in
Americas Program, whose funding was provided with the support of the
Canadian Government.

Digital Object Identifier: 10.14209/jcis.2024.17

pable of being reprogrammed, hence bringing more flexibility
to the communication system.

In this context, software-defined radio (SDR) can be de-
signed to be a reprogrammable transmitter, with its structure
and operation being specified by software means rather than
hardware [3]. A possible way to implement SDR is the all-
digital transmitter (ADT), mostly based on a type of PLD
called field-programmable gate array (FPGA). By employing
an FPGA, it is possible to design a transmitter in which the
entire path from the baseband processing until as close as
possible to the antenna is digital [4].

Recent works about ADT have focused on improving the
flexibility of the carrier frequency in digital transmitters [5],
enhancing their capacity to transmit multi-band signals [6]—[8]
or reducing hardware consumption [9]-[11], while improving
some figures-of-merit, achieving higher values of signal-to-
noise ratio (SNR), lower values of error vector magnitude,
and higher coding efficiency. These improvements are made by
reducing spectral power dispersion from the output signal and,
by implementing digital signal processing (DSP) techniques
that turn ADTs into even more complex prototypes.

In ADTs, the modulator is typically used to reduce the
quantized word from the communication source to a two-
level representation. In this sense, PWM is widely adopted,
however, it introduces a sequence of harmonic impulses in the
spectrum of the transmitted signal [12]. Moreover, the digital
up-conversion process emulates the signal multiplication with
a carrier, as done by analog systems. In ADTs, the carrier is
mapped into a unipolar return-to-zero (RZ) wave, thus another
sequence of harmonic impulses is introduced into the spectrum
of the transmitted signal. Unless otherwise stated, the RZ
referred in this work is the unipolar RZ, where the voltage
can only be positive and zero levels [13].

A transmitter employing a 7-bit PWM was developed
by [14], where its novelty is the use of a random pattern
generation block after the modulator. This proposal intended
to change the PWM waveform arbitrarily in order to distribute
the energy over the spectrum, relaxing filtering requirements.
Using a similar approach to spread the PWM harmonic
content, [15] developed a 6-bit PWM-based ADT with a
specific mapping process (where a varying PWM duty-cycle
is distributed over the wave period), resulting in a carrier
power improvement and lower noise influence from other
harmonics. This would lower processing requirements from
the transmitter, since the random pattern generation block
is not used, but the harmonics influence is higher than in
the previous case. With the intent to dynamically change the
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carrier frequency value, [10] provided an ADT where the
PWM modulation and upconversion are performed by a single
look-up table (LUT); thus, updating the LUT would rapidly
change the carrier. These previous approaches were the main
ones in deploying an ADT performing the modulation with
PWM.

Most works employ delta-sigma modulation (DSM),
proposing different ways to suppress harmonic content. This
happens because DSM is capable of achieving better signal-to-
noise ratio values, but at the cost of lower sampling rates. To
overcome this limitation, ADTs employing polyphasic DSM
with multiple cores were proposed [7], [16], [17], but it had
a considerable hardware consumption. One proposal is to use
hardware reduction techniques in the DSM modulator while
keeping a high sampling rate [9]. Moreover, [8] has proposed
a 4-bit delta-sigma modulator to reduce the in-band noise and
an additional noise shaping (ANS) block to reduce also the
noise between multiple bands.

In this paper, we do not propose a new transmitter architec-
ture or improve an existing transmitter. Our goal is to observe
a physical phenomenon that occurs between the modulation
and up-conversion stages. More specifically, the aim is to
verify if there is an energy trade-off between both stages. To
demonstrate it, simulations to study the harmonic impulses
introduced throughout different bit resolutions of PWM signals
are made. These simulations aim to find the minimum bit
resolution of PWM signals in which these impulses cannot
be distinguished from the background noise. The referred
bit resolution that minimizes the unwanted PWM harmonic
content are implemented in an FPGA. With this experimental
setup, it is expected that only the RZ wave harmonics would
be present in the spectrum of the transmitted signal, then their
influence on the transmitted signal can be evaluated.

Our simulation and experimental results show that reduc-
ing PWM harmonics power implies an increase of the RZ
harmonics, demonstrating an energy trade-off between both
waves. The main contribution of this paper is to enlighten
that the attempts to reduce modulator harmonic power do not
imply that the transmitted signal energy use is reduced since it
would increase RZ harmonics power. Therefore, filtering the
RZ harmonics out causes a considerable amount of energy to
be lost.

The remainder of this work is organized as follows: Sec-
tion II describes the mathematical formulation of the transmit-
ter, Section III shows the simulations performed, Section IV
discusses the experimental results and analyses, while Sec-
tion V brings conclusions and proposes improvements in future
ADT projects.

II. MATHEMATICAL FORMULATION

The block diagram of the transmitter developed for the
current work is shown in Fig. 1. This architecture of ADT
is based on the implementations of [14] and [15], but we do
not implement the improved PWM mapping and polyphase
with random pattern generation approaches, specified by the
respective works. The transmitter developed for this work
uses a standard PWM mapping (which is detailed latter in

this section) and up-conversion technique proposed by the
specified works. It is noteworthy that this work employs
a baseband ADT, thus up-conversion stage is implemented
after the modulator. The ADT is composed of three main
stages: communication source, modulator, and digital up-
conversion. According to Fig. 1, memory blocks represent
the communication source storing random integer values; the
modulator reduces the quantization level of the communica-
tion source data to one bit, thus a two-level representation;
the digital up-conversion process reorders bits as resembling
a carrier multiplication, and serializes them [4]. Moreover,
phase-locked loops (PLL) are used to multiply or divide the
FPGA embedded clock frequency so that different components
of the ADT can have the appropriate frequency of operation.
Each stage are introduced as follows.

The first stage is the communication source, which delivers
a random quantized word with a length of M bits to the
modulator in both direct and quadrature components for each
clock step. The communication source (CS) is assumed to be a
random variable which follows a discrete uniform distribution,
ie, CS €{0,1,2,...,2M — 1}, in which each word has the
same probability of 2% to be the input data of the next stage.

The second stage comprises the modulation process, i.e.,
PWM, which aims to reduce the quantization word from
2M quantization levels to a 2-level representation. The PWM
implementation consists in a mapping process [4], in which
the modulator receives M bits from the communication source,
and the duty cycle is defined according to the magnitude of the
input word. Tab. I shows the PWM for M = 3, also referred as
a 3-bit resolution PWM signal. It can be seen that if the input
word is 5, so the output word is given by [11111000]. While
the communication source generates M bits for each in-phase
(1) and quadrature () component, both PWM modulators
generate a single output word with a total size of 2M+1 bits.

Tab. I: PWM mapper for M = 3.
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The last stage is the up-conversion process (composed by
the “Select and Combine” and serializer blocks) consisting of
shifting the frequency of the modulated wave to the desired
carrier frequency, fc. Similarly to analogical systems, the
frequency shifting is performed by the multiplication of the
message signal with the carrier one. Since multiplier blocks
in high frequency rates would demand high processing from
the transmitter, the frequency shifting can be simplified as a bit
reordering procedure performed by the “Select and Combine”
as shown by [4].

It is important to verify that the up-conversion involves a
bit reordering as [X; XX Xq|, where X denotes the output
signal from the pulsed modulator and its subscript denotes the
in-phase or quadrature components (I or (J). This reordering
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Fig. 1: Block diagram of the ADT employed in this work.

consists of a return-to-zero (RZ) wave since the first two
signals are unchanged, and the remaining two are inverted,
thus generating a square sinusoidal pattern. This is applied on
the “Select and Combine” block, where the PWM wave for
the I and ) components are inputs of the block.

The two waves are related since “Select and Combine” em-
ulates the multiplication operation between the PWM and the
carrier, the bit word reordering makes the carrier an RZ wave.
One property of the Fourier transform for continuous signals
is that the multiplication of two signals in the time domain
is equivalent to the convolution of their spectrums. This can
be verified with a mathematical approximation (considering a
constant PWM duty cycle) and analysis.

According to [4], ADTs that employ PWM modulation have
its spectrum composed by a series of harmonic impulses.
Two parameters determine the frequency spacing between the
impulses: the first is the carrier frequency (f¢), and the second
is the bit resolution (M) of the PWM signal. For each clock
step of the “Select and Combine” block, the sequence of 2 +1
bits are serialized with the frequency of 4 f-, and, thus the
frequency range between the impulses is determined by

fon = oy, 1)

The frequency spacing fpp is a consequence of the desired
carrier frequency and bit resolution used for the PWM signal,
and it is the rate in which the communication source will
introduce data to the transmitter. For a fpp clock step, all
the bits introduced to the transmitter are mapped for the
PWM modulator, serialized in the up-conversion stage and
transmitted until the next fpp clock step, as described in
equation (1).

Considering f(t) as the mathematical representation of the

PWM wave, thus
= t
f@) = Z Arecty,, (t — kT — (?)) ,

k=—o0

where A is the amplitude, t¢,, is the time where the wave
remains in the logical level “high”, T is the period of the
wave, k is the index of the sum and recty,__ () is the rectangular
function of width t,,. The duty cycle of the wave is assumed

to be t% By calculating the Fourier series of f(t), one can
find:
= Aton |~ 4A . ton t ton
0 = 5+ 3 ()i (n 5 Jeos (e (- 7))
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in which its Fourier transform is given by
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with wyg = 5% and “x” is the multiplication operator.

Based on (3), it is evident that for every multiple of
7 there will be an impulse component on the spectrum.
Since the frequency in which the PWM block operates is
fBB = %, considering the same carrier frequency f¢, higher
bit resolutions of the PWM signal would imply in a lower
distance between impulses because fzp would be lower as
well.

Now, doing the same calculations for the RZ wave

[e'e} !
g(t) = Z ArectT2/<tmT1;) ,

1

and
_ A — 24 o
g(t) = ) + ;:1 W(l — cos(nm))sin(nwot) 4)

where T” is the period of the wave and n is the index of the
sum. Then, its Fourier transform G(w) can be obtained as

G(w) = TAd(w)+
— 24

+ Z nw{ T’

n=1

(1 — cos(mr))jw(é(w + nwp) — 6w — nw{))) ) &
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in which wj = 25 and fc = . Observing g(t) and G(w),
it is verified that all even multiples of = will be null, with
only odd components contributing to the spectrum.

A spectrum preview of the output of the ADT can be
obtained by means of (3) and (5). The PWM wave spectrum
comprises impulses spaced by fpp, and the RZ wave is

composed of impulses spaced by odd multiples of fc.

III. SIMULATIONS

Simulations on MATLAB® and Simulink® software were
performed to validate the ADT project. This allows to preview
the generated waveform in the time and frequency domains.

A. Simulink® Simulations

The spectrum at the output of the ADT is expected to be the
convolution of both the PWM and RZ waves. To verify this
statement, both spectrums at the output of the PWM modulator
(for M = 6) and at the output of the “Select and Combine”
blocks were plotted, shown for fo = 2.5 GHz by Figs. 2
and 3, respectively.
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Fig. 2: Spectrum at the output of the PWM block. Harmonics
are spaced by fpp = 78.125 MHz.
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Fig. 3: Spectrum at the output of the Select and Combine
block. Impulses are spaced by 2.5 GHz from each other.

Both spectrums shown in Figs. 2 and 3 correspond with (3)
and (5), respectively. Furthermore, the spectrum at the output

of the ADT is shown in Fig. 4. It can be observed that the
resulting spectrum of the transmitted signal from the ADT is
the convolution of both spectrums of the waves at the output
of the modulator and “Select and Combine” blocks.

g

Fig. 4: Spectrum at the output of the ADT.

As observed from the analysis, the spectrum of the trans-
mitted signal is composed of two series of impulses, one
originating from the PWM wave and the other from the RZ
wave. Most works develop techniques that disperse the power
of PWM impulses aiming to concentrate most of the power on
the frequency of the carrier, i.e. fo. Thus, ignoring the spectral
components of the RZ wave, which still have a considerable
amount of power. The generation of harmonics which are odd

i multiples of fo in the spectrum was previously mentioned

by [18], [19], where it is only stated that the harmonics, with
exception of the first one, i.e. at fo, are removed by an RF
reconstruction filter or a low pass filter.

An analysis to be made is on the importance of the RZ
impulse harmonics to the integrity of the transmitted signal.
This can be verified experimentally by reducing the presence
of the PWM harmonics. One way to do this is by increasing the
bit resolution of the PWM signal, because the higher resolution
used, the lower is the power of harmonic impulses. Therefore,
the influence of RZ wave on the up-conversion process can be
further analyzed.

The next set of simulations aims to verify the minimum
PWM signal bit resolution where its impulse harmonics are
not noticed. In other words, the case where the harmonics
power is close to the random background noise.

i B. MATLAB Simulations

The second set of simulations regarding the PWM-based
ADT performed at MATLAB® served as a way to understand
the frequency behavior of the referred modulator, as well as
how it changes with the input word size (2 bits, 3 bits, 4 bits,
and so on). This allows the confirmation that the previous
results obtained in Simulink® apply to different resolutions of
PWM modulator.

All simulations are performed for a time execution of 10us.
Considering different values of M for fo = 2.5 GHz, Fig. 5
shows the output spectrum of the ADT from M = 3to M = 6,
and Fig. 6 shows from M = 7 to M = 10. Based on the plots
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displayed, it is notable that the impulses are spaced by fpp
and that they are multiples of the baseband frequency.

It can be observed that the impulse at the main frequency
(i.e., 2.5 GHz) tends to concentrate more power with the
increasing resolution of the PWM modulator. It is important
to note that fpp reduces with constant f- and increasing the
bit resolution of the PWM signal, as demonstrated by (1).
As well, both impulses and noise-floor powers are reduced
by increasing the bit resolution of the PWM signal. When
M =3, M =6, and M = 10, the lowest-frequency harmonic
component had approximately -20 dB, -40 dB, and -60 dB of
power, respectively.

It is noteworthy that starting from the 9-bit resolution

PWM, the impulses are not distinguished from the background
random noise since their power is approximately the same as
the noise floor. Performing an experimental setup using the
9-bit PWM would be sufficient for the analysis of the ADT
output spectrum with only RZ impulses.

Notably, from Figs. 5 and 6, one can see the presence
of a considerable amount of power in the DC component
of all spectrums for each bit resolution of PWM. This is
clearly expected, as shown in (5), since there is a Dirac delta
function, as a consequence of employing a unipolar RZ carrier
for up-conversion. One straightforward way to suppress this
DC component is to employ another line code which does
not generate it, such as the polar RZ [13]. In this case, the
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polar RZ considers that the positive level will always return
to the negative (instead of zero) level. Fig. 7 shows the output
spectrum of the ADT with M =9, when polar RZ (left) and
unipolar RZ (right) are used for the up-conversion stage.

From Fig. 7, it is clear that the DC component was sup-
pressed and the carrier increased its power for the polar RZ.
However, the implementation of polar RZ in FPGA would also
require a level-shifter circuitry, which is out of the scope of
the current work.

In the following section, two experiments are performed,
where the first one considers a 4-bit PWM signal and the
second one a 9-bit, and both have the same carrier frequency of
fo = 500 kHz. The results are compared, where it is expected
that the main difference is the presence of the PWM impulse
harmonics.

IV. EXPERIMENTAL SETUP AND RESULTS

The transmitter is prototyped according to the FPGA in
which it was implemented. To this work, the FPGA DE10-Lite
model from Altera®/Intel® is used to validate the transmitter
prototype. Arduino I/O ports are used instead of SMA con-
nectors, and a multiplexer is programmed to replace the MGT
and perform the function of the serializer.

Fig. 8 shows the experimental setup used. The materials
used for the experiment are listed below.

o FPGA Intel® MAX 10 (kit DE10-Lite);

o Male-male jumpers;

« Alligator connectors;

o Rigol DSC1302CA scope;

o Anritsu MS2034A spectroscope;

o Connectors for the scope and the spectrum analyzer;

o Software Quartus-Prime version 21.1.

In the experimental setup, a male-male jumper is connected
to one of the FPGA I/O port, while another male-male is
connected to a ground port. Alligator connectors are used

for both scope and spectroscope connections with the male-
male jumpers. An additional junction should be used for the
spectroscope to support the alligator connectors. The ADT
code is implemented using Verilog HDL in Quartus-Prime
software.

Fig. 8: Experimental setup with the Rigol DSC1302CA scope
(on the left) and Anritsu MS2034A spectroscope (at the
center).

To verify how the PWM impulses influence the signal
spectrum, the ADT is configured to operate with fo = 500
kHz and M = 4. Thus, by means of (1), one can find
fep = 62.5 kHz. The choice for a low carrier frequency
( fc = 500 kHz) is made, since the MAX10 FPGA do not
support frequencies in GHz range (the maximum frequency it
supports is 400 MHz) and also because the male-male jumpers
have a selective behavior for frequencies above MHz range.
The results obtained can be verified for higher frequencies if
deployed on a appropriate FPGA with SMA connectors and
GHz frequency capabilities.
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Fig. 9 shows the wave generated by the ADT in the time
domain, measured by a Rigol DSC1302CA oscilloscope. The
wave obtained was rectangular, like an RZ wave, but with
some discontinuities caused by the PWM duty cycle changes.
The discontinuities cause a slight change in the frequency
measured by the scope.

RIGOL DS1302CA o osciuioscors

Fig. 9: Output signal obtained for fo = 500 kHz.

With a well-defined square waveform in time, it is possible
to verify the characteristics of the spectrum that compose
it. The Anritsu MS2034A spectrum analyzer is used and
generates a well-defined spectrum, as shown in Fig. 10 with
1 MHz of frequency band being displayed. One can observe
that the central frequency is 500 kHz and that its spectrum
is accompanied by a series of harmonics that repeat at each
multiple of the baseband frequency of 62.5 kHz. A second
marker, depicted in red, is added at a harmonic adjacent to the
central component of the spectrum, evidencing its frequency
of 436.6 kHz, which is approximately spaced by fpp from
the carrier frequency fc.

can be observed at every odd multiple of 500 kHz; the even
multiples are notches, as verified from Equation (5). The RZ
harmonic impulses carry a considerable amount of power: the
difference between the first and third impulse components is
approximately 10 dB, while the difference between the third
and fifth ones is around 5 dB.
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Fig. 11: Wide spectrum of the signal with fo = 500 kHz and
M =4.

With the simulation results from Fig. 6, we expect that
M = 9 would be the lowest resolution where PWM har-
monics influence would not be significant to the transmission
of the signal. From this analysis, a second experiment was
performed, considering a PWM modulation with M = 9.
Maintaining the same carrier frequency fo = 500 kHz,
according to (1), fgp = 1.953 kHz. To capture the RZ
harmonics spacing, the same frequency band from O Hz to
3000 kHz was set, as shown in Fig. 12.
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Fig. 10: Spectrum of the output signal with 500 kHz.

To verify the other sequence of impulse harmonics, intro-
duced by the RZ wave, the spectroscope was configured for
a wider spectrum view with 3 MHz of frequency band being
displayed as shown in Fig. 11. The RZ impulse component
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Fig. 12: Spectrum of the signal with fo = 500 kHz and M =
9.

From Fig. 12, two analyses can be made. First, comparing
it with Fig. 6 with M = 9, one can see that the PWM
harmonics still exist, but they do not remain static. During
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runtime execution, the random noise interferes with them,
making them alternately fade in and out. This confirms that
although the PWM harmonics are not totally dispersed, they
are not easily distinguished from the noise floor. The second
analysis shows that comparing Fig. 12 with Fig. 11, the RZ
harmonics have their power increased significantly by almost
10 dB, which is also verified in Fig. 6 when observing the RZ
impulses power throughout different bit resolutions of PWM
signals.

It is important to emphasize that PWM harmonic peaks
power decreases throughout increasing bit resolutions of
PWM, but this spectral power is not lost at all; it is concen-
trated in RZ harmonics. This happens because the transmitted
signal from the ADT behaves similar as an RZ wave in
the time domain, its discontinuities mark the PWM positive-
edges and negative-edges transition, and those discontinuities
tend to be more rare with higher bit resolutions of PWM
signals [20]. This means that there is a trade-off between the
PWM harmonics spectral power and RZ harmonics spectral
power; lowering PWM peak power concentrates more power
in RZ peaks, thus fitering still remains a challenge. In other
words, if the odd RZ harmonics are filtered out, a considerable
energy loss will be observed.

V. CONCLUSIONS AND PERSPECTIVES

A PWM-based ADT is created to verify the time and
frequency domains of the generated wave from the communi-
cation source and how it changes throughout the transmitter
for different bit resolutions of PWM signals. A mathematical
formulation of the wave processing by the PWM and up-
conversion blocks is done, showing that it is composed of har-
monic impulses spaced by baseband and carrier frequencies.
Simulations made on MATLAB® tested the PWM throughout
increasing bit resolutions, the results show that the 9-bit PWM
signal is the minimum where PWM harmonics cannot be
distinguished with the noise floor.

The PWM-based ADT design is implemented in the MAX
10 FPGA. Considering setups for PWM with bit resolutions
4 and 9 employing the carrier frequency of 500 kHz, the
results show that the PWM harmonic suppression would lead
to an increase in RZ harmonics spectral power, as a trade-
off between both. Suppress PWM harmonics increase spectral
power for the first RZ harmonic (or the carrier), however
filtering would remain a challenge since a considerable amount
of power would be lost with the odd RZ harmonics.

A proposal that can be made for future works in ADTs is
to use other line codes rather than unipolar RZ for the up-
conversion process (in the “Select Combine Block™) that can
also emulate the carrier multiplication. The polar RZ showed
to be an interesting alternative for avoiding wasting energy
with the DC component. Most line codes have a well-known
spectrum, thus the one with less power in its harmonics over
the first one would be more appropriate than the RZ. This
proposal, in combination with the use of a higher bit resolution
PWM (such as ninth or tenth), would optimize the power
concentration in the first multiple of the carrier frequency.
This implementation would fit applications that do not rely

on high throughput and that use frequencies in the hundreds
of MHz range, since it would require less hardware complexity
and clock requirements. This compensates the logical resource
usage from the FPGA (or PLD) introduced by the PWM.
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