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Abstract—This paper presents a unified analysis for the com-
pact receiver with spatial diversity. The maximum ratio combin-
ing (MRC) receiver for linear antenna arrays is considered with
the modulation scheme 0-QAM. The mathematical development
takes into account parameters related to the physical structure
of the array, as well, as the probability distribution used for
modeling the direction of arrival (DoA) of the signals in the
array. Von Mises and Gaussian distributions are considered to
characterize the DoA. The unification of all the results in exact
expressions to evaluate the symbol error probability (SEP) at
the output of a MRC receiver is the main contribution of the
research.

Index Terms—Multichannel reception, 8-QAM modulation,
Correlated Nakagami-m fading.

I. INTRODUCTION

N most diversity techniques detection errors may occur

at the receiver when the transmission medium imposes a
severe attenuation on the transmitted signals. Thus, if it is
possible to provide the receiver with different copies of the
transmitted signal, from different independent sub-channels,
the probability that the transmitted copies fade simultaneously
is reduced. For instance, if p is the probability that a copy
of the transmitted signal fades below a critical level, then p”
is the probability that all the copies in L independent sub-
channels decrease below the same critical level.

There are many techniques that provide the receiver with
different copies of the transmitted signal, which include fre-
quency diversity [1], in which the information signal modu-
lates a number of carriers with different frequencies separated
by a bandwidth that is greater than or equal to the coherence
bandwidth of the wireless channel.

Another diversity scheme is spatial diversity, in which
multiple antennas are used for transmission and reception of
the signal. The antennas in the receiver structure are generally
separated to assure that signals coming from different sub-
channels fade independently. Usually, in shadowing environ-
ments, the distance from one antenna to nearest one must
be at least ten wavelengths, to guarantee independent fading
between the channels. In urban areas, in which the variations
in the envelope of the transmitted signal can be modeled by
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a Rayleigh distribution, a separation between the antennas of
only half wavelength suffices [2].

Depending on the transmission frequency and the size of
the receiver structure, it may not be possible to guarantee
independent fading between the samples captured by the
elements of the antenna array. For those compact receivers
the diversity gain is affected by the correlation between the
signals captured by the different elements of the array.

The evaluation of compact receivers, under weakly corre-
lated fading, can be adequately performed by the use of the
Nakagami-m distribution [3]-[6], which has been employed
to model variations in the intensity of signals transmitted in
urban environments. Besides the Doppler effect [7], it has been
observed in those environments that the signals that arrive at
the elements of the array are composed by the sum of the
signals that come from different directions and the groups of
those signals are usually known as sub-paths. The correlation
between the received signals in compact receivers can be taken
into account by using well known mathematical results, as
presented in [8], [9].

In this paper a unified analysis is proposed for the compact
receiver with spatial diversity. The maximum ratio combining
(MRC) receiver for linear antenna arrays is considered, with
the modulation scheme 6-QAM proposed in [10], [11]. It
is worth mentioning that 8-QAM includes schemes such as
Square Quadrature Amplitude Modulation (SQAM) and Trian-
gular Quadrature Amplitude Modulation (TQAM), which are
used in applications that range from synchronous transmission
modems, with various constellations (16-QAM, 64-QAM and
256-QAM), to digital television, Digital Video Broadcasting
Terrestrial (DVB-T) and International Standard for Digital
Television (ISDB-T), in which the data are coded and arranged
in blocks of 188 bytes, and sent to a segmenter and then
arranged in one, two or three coding blocks, which are called
layers. The data are then mapped in symbols of 16-QAM or
64-QAM constellations.

The performance of antenna arrays with an MRC has been
addressed in the literature (e.g. [12]-[16]), but, to the best of
the authors’ knowledge, the performance considering physical
parameters of the array in the scenario of -QAM modula-
tion has not been covered. The mathematical development
presented in this paper takes into account parameters related
to the physical structure of the array as well as the probability
distribution used for modeling the direction of arrival (DoA) of
the signals in the array. Von Mises and Gaussian distributions
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are considered to characterize the DoA. The unification of
the results in exact expressions to evaluate the symbol error
probability (SEP) at the output of a MRC receiver is the
main contribution of the paper. It is worth mentioning that an
important aspect of the Von Mises distribution is the fact that
it models anisotropic propagation processes in a better way,
as compared to the uniform distribution, and leads to mathe-
matical expressions for the spatial correlation coefficients that
are simpler than the ones obtained with Gaussian and cosine
distributions [17].

II. CHARACTERIZATION OF THE PROBLEM

In communication theory, the early applications of the
multivariate analysis were presented in [18]—[20], to analyze
the capacity of multiple antenna narrow band systems [21],
[22], in the study of the optimum signal-to-interference plus
noise ratio (SINR) that can be obtained by linear detectors for
multiple users in CDMA systems, in the study of the near-
far interference in CDMA systems and in the analysis of the
spectral efficiency of CDMA.

One of those applications is the spatial processing of signals
by means of linear antenna arrays. Those arrays can be used
in base stations as well as in compact receivers for mobile
terminals. The use of compact receivers is usual in modern
communication systems. With the dissemination of wideband
multiple access systems, an ever increasing range of services
is provided to the users [23]. Such services can suffer a
decrease in quality as a result of characteristics of urban and
suburban propagation environments, which affect parameters
such as error probability and spectral efficiency. One of those
characteristics inherent to urban environments, mainly big
metropolis environments, is the fading, usually modeled by
the Nakagami distribution.

In [8], it was shown that, in a correlated Nakagami fading
channel, the signal received in the k-th branch of a L-branch
receiver can be written as

re(t) = s(t)Ape?®* 4 ng(t), k=1,2,...,L, (1)

in which s(t) represents the transmitted signal and ny(¢)
represents the k-th sample of an independent and identically
distributed complex Gaussian noise with zero mean and vari-
ance % per dimension. The phase ¢, in uniformly distributed
in [0,27) and Ay is the fading envelope characterized by a
Nakagami distribution with probability density function (pdf)
given by

2 me """ o1 — (T
pAk(Ak): < k> Aerk le (Qk)AkQ, (2)

F(mk) Q_k

in which 4, > 0, my = Q2 /Var[A?], known as the fading
factor, models the intensity of the fading of the signal that
is captured by the k-th branch of the receiver, ), = E[A?]
models the mean power of the signal in the k-th branch, E']
is the expectation operator and Var[-] is the variance of the
argument.

Assuming that the multiple branch receiver has maximum
ratio combining, it follows that, if the fading is flat and the
phase variation imposed by the channel is known, then the

signal to noise ratio (SNR) in the receiver output, denoted by
7, can be written as

E, & L
_ S 2
1= A= 3

in which ;, = (ﬁo) A? and Ej is the symbol energy.

In [8] it is shown that the characteristic function ®(w) of
the random variable ~ that represents the SNR at the L-branch
MRC receiver, for a fading modeled by a Nakagami-m pdf,

can be written as [8]

Py (w) =

in which j = V-1, |- | represents the matrix determinant
operator, Iy, is the identity matrix of order L and A is the
covariance matrix of complex elements, which is obtained
from the covariance matrix [8], [9]
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by = Elagxy|/o2 = bpk, Brp = E[mkyk]/UQ = —Bpk-

The Cartesian representation of the complex number 7 is
(g, yx ). Thus, the 2L-dimensional vector 7 which represents
the samples of received signal at the L-branch antenna array
can be expressed as

vl =iy z2ys - 2L YLl (6)

in which 7" indicates the transpose operation.

In a mobile communications environment, the signal sam-
ples, (x;,v;), captured at the i-th element of the linear array,
are Gaussian random variables resulting from the sum of a
considerable number of samples of signals that come from
multipath propagation between the transmitting antenna and
the ¢-th branch of the MRC receiver.

The matrix A, which is obtained from the matrix X, is
given by [8, Eq. 14]

ai sz Bf:s BTL
Bia a2 B3, B3r

A — 0.2 Bis  Bag as B;L = 0’2A, 7
By, By B3 ---  arp

in which By = by, + j 8k and * indicates the conjugation.
The average bit error probability of the reception system
under fading can be determined by averaging the error prob-
ability conditioned to the signal to noise ratio v at the output
of the receiver, P(e|v), by the pdf of the signal to noise ratio,

PV(V) [1], -
Pe:/O Pe|y)py(v)dy. (®)
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Hence, if p,(v) is the pdf of the signal to noise at the
output of the MRC receiver and P(e|y) is the symbol error
probability conditioned to that SNR, then the expression P, in
Equation 8 gives the average symbol error probability of the
MRC receiver. The derivation of that probability for a -QAM
scheme is presented in Section II-A.

A. Symbol Error Probability of a 6-QAM Scheme under Cor-
related Nakagami-m fading

Since the SNR at the output of a MRC receiver is +,
and given that the error probability conditioned to that SNR,
P(elv) is known, the average probability obtained by using
the pdf of -y, under Nakagami-m fading, denoted by p (), is
presented in Equation 8. To analyze the receiver with a 9-QAM
scheme, by means of the symbol error probability (SEP), one
must use the expression P(e|y) of §-QAM under Gaussian
noise, given by Equation 9.

T+6
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The parameters ci, c2, c3, ¢4, c5 and cg, regarding the
geometry of the constellation #-QAM, are given by [10]

o = 357 co = 4(VM — 2)(v/M — 1)
c3=vV2(VM -1) ¢;=5KM—-2)+6
s =3(VM —2)+2 c¢5 =M,

in which M is the number of symbols s,, ,, of the constellation
6-QAM, whose coordinates, (s,i,5s,7), are given by [24]

(10)

8yl = [2(3‘ —1)+1-— \/M} D + [2mod(i,2) — 1] g
b (11)
Syj = — [2(% )+1— \/M} 5
withi =1,--- VM, j=1,--- ,vV/M, a = 2Dcost, b =
2D sin and mod(z,y) denotes the rest of the division of x
by y. Half the Euclidean distance between adjacent symbols
of the constellation is given by
D_ 6,y

V/3M + (4 — M) cos(260)
and is related to the parameter 6 and to the mean energy by
symbol, F,y, by the expression

D V6
- VEs \/3M+(4—M)cos(29).

The SEP of the 8-QAM scheme, weighted by the pdf of the
SNR p,(v) at the output of the MRC receiver, for a given

(12)

) 13)

type of fading, can be calculated from Equation 8. Since
the characteristic function of a random variable defined for
positive values is given by

oxw) = [ " e f (o) da, (14)

0

Equation 8 can be rewritten in terms of the characteristic
function of the variable v, ¢ (w), as
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Using the characteristic function of the SNR ~, given in
Equation 4, it is possible to rewrite Equation 15 as

T+0
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(16)

Ton evaluate the SEP, it is necessary to determine the
spatial correlation coefficients of the matrix A presented in
Equation 7. Using those coefficients, the direction of arrival of
the signals at the array is taken into account. In this article the
equally spaced linear array is considered, and the probability
distributions used to characterize the DoA are Von Mises and
Gaussian.

III. DETERMINATION OF THE COEFFICIENTS OF THE
SPATIAL CORRELATION MATRIX

The Von Mises distribution used to model the DoA in the
determination of the spatial correlation coefficients includes
other distributions, such as Gaussian and cosine distributions,
and provides expressions simpler than the Gaussian and co-
sine distributions. Von Mises distribution was introduced in
1918 [25] and has been used as an appropriate alternative
to model the DoA in urban environments [26], in which the
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spreading of waves is nonuniform [27]-[31]. The pdf of the

Von Mises distribution is

rcos(p—po)

e —— — <p<

Pe(p) = o) 0 PP S@STEG g
0, otherwise

in which ¢, is the average direction of a set of direction
components that ranges in the interval [0,7) and x > 0 is
a parameter that influences that pdf sharpness.

Taking the two first terms of the Taylor series of cos(yp—,)
and using the modified Bessel function approximation [32],

I() (l‘) ~

x

e 1
> -,

Vorx' 4

it is possible to obtain the approximation

(18)

2
el cos(x) e ( ﬁﬁ >
2 Vel (19)
that is, a Gaussian pdf with variance % can be obtained from
the Von Mises pdf for x > %.

For the determination of the spatial correlation coefficients,
it is assumed that the k-th signal sample captured in the k-th
element of a linear array with L elements, equally spaced by
a distance d, can be written as e 7*fdsin(®) where 3 is the
wave number of the electromagnetic wave and is 27/ \.

The spatial correlation coefficients for the samples captured
at two elements of a linear array of L elements equally spaced
by distance d are denoted by p(m,n) and given by [8], [9]

p(m,n) :Bm n = Elrmr]
T+PYo
7 d 20
\/W /H% Tm (@) (P)Pe(p)de  (20)
=pr(m,n) + jpr(m,n),
in which
T+¢o )
P [ bnoPocterde @1
—T+po

Considering that the sampled signals arrive as plane waves
at the antenna array elements, represented by vector r in
Equation 6, one can rewrite B,,, as

mHeo e
B :/ ed(m—n)B Sm(‘”)pw(cp)dga. (22)

—T+po

Using the Von Mises pdf in Equation 22, the Euler identity
and the expansions in modified Bessel series of the terms
cos((m — n)Bdsing) and sin((m — n)Bdsing) [32], it is
possible to write the real and imaginary parts of p(m,n) as

zz (Z25) Jalon ~ my costai)
N Jo(( ~ n)pd),
- Z (B g - mysa

sm((2l + Dpo).

(23)

Those coefficients correspond, respectively, to the real and

imaginary parts of the elements of the matrix presented in

Equation 7, that is, pr(k,1) = by, and pr(k,1) = Bi,.
Similarly, considering the Gaussian pdf to model the DoA,

kg 7(%;#’20)2
pcp(‘p) = € P, =Tt <o ST, (24)
1/27r0§20

and using Equation 20, the spatial correlation coefficients can
be written as

PR m n Qk ZJQ[ m-n ﬁd) (2l7¢07a¢)
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and k, is a normalization constant for the area under the

Gaussian pdf,
1

erf (72-)

The term erf(-) represents the error function and can be written
in terms of Dawson integral when its argument is complex [32]

(29)

kg = 28)

erf(z) =1— e*xQW(j:c)

w(z) =e (1+—/ tdt)

IV. EVALUATION OF THE IMPACT OF THE
ELECTROMAGNETIC COUPLING

in which

(30)

One of the main problems caused by the use of compact
antenna arrays is the appearance of the magnetic coupling
between the elements. When the effect of the coupling is taken
into account, the length of the linear dipoles that form the array
must be taken into consideration. In this case, the radiated field
expressions must be computed for the near field region (they
can not be analyzed in the far field region). The field radiated
by each element contributes not only to the radiated beam,
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but also to the distortion of the current distributions in the
neighbor elements [33].

To calculate the linear array spatial correlation coefficients,
subject to the coupling effect, it is necessary to establish the
relation between the voltage vector V, obtained at the array
dipoles, and the signal sample vector S, without coupling [34].
This relation is [8]

—1
V=28, 31)
in which
Z11 Z12 AR ZiL
1 + Z. Z. Z. Ze
Zo1 1+ Z2a Za3 Zar
Z. Z. Z. Z.
Z = ) . (32)
Zra Zra Zrs Zrr
Z. Z. Z. 1+ Z.
and
ejOﬂdsimp
ejlﬂdsimp
S = (33)

ej(L—l)ﬂdsinga

It is important to point out that the definition of the
mutual impedance matrix in Equation 32 is accurate only for
transmitting antennas. For receiving antenna arrays, such as the
ones considered for DoA application in this paper, the mutual
coupling effect characterized by the matrix in Equation 32
is not accurate because the mutual impedance elements are
calculated based on the current distributions of transmitting
antenna elements with excitation at the antenna ports. A more
accurate modeling of the antenna mutual impedances, the so-
called “receiving mutual impedance”, can be found in [35]—
[37].

However, Equation 32 can be used if the receiving antenna
arrays for DoA application are excited by electromagnetic
waves coming from a short distance (e.g., indoor transmis-
sions), then the current distribution is different for each
antenna element.

In the matrix L x L in Equation 32, the elements Z,,,,, repre-
sent the self-impedance of the m-th dipole, Z,,,, represents the
mutual impedance between the m-th dipole and the n-th dipole
and Z. represents the load impedance of the antenna array
dipoles [38]. Considering the elements a,,, of the inverse
impedance matrix Z !, the vector of voltages captured in the
elements of the array can be written as

ZiL—1 auej(i—l)/ﬂdsinga
L ,J(i—1)Bdsin
S el ®
V= = (34)
ZL . aLiej(ifl)ﬁdsimp
i=

If one takes two elements, denoted by 7, () and 7, (), of
the voltage vector V', the square of the correlation coefficient
modulus can be written as

~ P.P, / m (9)77 (©)pe (0)dep,

in which the average power P, of the signal at the m-th array
element was calculated in [17] and can be written as

L L L
P =233 R{ampal, Yow + > lamil?
k k=1
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The integral [ r(¢)rf(¢)p(¢)d¢ was also calculated in
[17] and can be written as

L L
/ ()7 (D) (9)do =D arni, (bum + 5Bum),

n=1m=1
(37
in which b,,, + jfBnm is the complex spatial correlation
coefficient calculated without coupling. Hence, the spatial
correlation coefficients can be calculated by the expression

L L 2

Z Z a”ka:nl (bkl + jﬂkl)

k=11=1

1
PnPp

For the case of linear dipole elements of length [, with [ =
n\/2,n=1,3,5,...,, aligned side by side and centrally fed,
the real and imaginary parts of the mutual impedance between
two dipoles, referred to as Dipole 1 and Dipole 2, can be
written as [38]

Riz = L12Ci(ug) — Ci(u) — Ci(us)],

47T7’() (39)

X12 = 7E[QSI(U()) - Sl(ul) - SI(UQ)],

in which w9 = Bd, vy = B(Vd>+1%2 +1) and us =
B(Vd?+12-1).

For the expressions, 5 = 27 /) is the wave number, 7
is the medium impedance, approximately 1207 Ohms, and
Ci(z) and Si(x) are respectively the integral sine and cosine
functions. Thus, the elements Z,,,, of the matrix Z are given
by Zmn = Rimn + jXmn, in which the distance d,,,, between
the elements m and n is given by

for the linear array.

V. RESULTS

For the numerical evaluation of the expressions presented
in this paper, the elements of the linear array are magnetically
coupled.

In Figure 1, the SEP curves are presented, considering both
Gaussian distribution, for o, = 27° and ¢, = 48.5°, and Von
Mises distribution, for x = 4.7 and ¢, = 48.5°. The remaining
parameters are m = 0.8, d = 0.25\, [ = 0.6\, M = 64 and
0 = 60°.

The Gaussian model was originally proposed in [39] to
characterize the azimuthal direction of arrival of electromag-
netic waves at a linear antenna array on a base station. In this
model, the waves radiated by the mobile station are spread and
reflected by obstacles of the urban environment. The reflected
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components that can reach the base station antenna array have
a power spectrum which is concentrated on a mean direction
¢, and fades on a interval (—7 +¢@,, ™+ ©,). This model was
also applied to characterize the analysis of a unified model of
channel for mobile radio systems with linear antenna arrays
by [40], where typical values of 0,4rpni range from 5° to 60°.
Meanwhile, typical values of ¢, range from 0° to 180°.

The spacing between array elements is generally chosen as
a half-wavelength. However, this spacing may be smaller in
more compact array arrangements, producing an increase in
correlation and magnetic coupling. The parameter m depends
on the urban environment. Multipath propagation tend to make
the fading behave as Rayleigh. In this case, typical values for
m can be chosen between 0.8 and 2.0.

10°
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Fig. 1. SEP for §-QAM scheme under correlated Nakagami-m fading and

MRC receiver with L branches, for 8 = 60°, M = 64,1 = 0.6\, d = 0.25\
and different values of L.

The curves in Figure 1 are superimposed since the pdfs of
the Von Mises and Gaussian distributions present the same
mean and almost the same variance. In the Gaussian pdf, the
variance is given by 1/k = 1/4.7 rad = 12.19°. In the
Von Mises pdf, the variance is given by o2 = (27 - 7/180)%,
which is equivalent to the angle of 0.222 rad = 12.72°. The
difference from the variance 1/ is only 0.53°. It can be noted
in Figure 1 that the addition of one branch in the MRC receiver
leads to a diversity gain up to 7 dB considering the symbol
error probability of 1073,

In Figure 2, SEP curves are presented as a function of the
DoA for the Von Mises distribution and two values of m. It
is observed that the diversity effect is more effective when the
fading is smooth, for m = 1.5. For m = 0.8, the Nakagami
fading is more severe than the Rayleigh fading, x = 4.7, and,
in this case, the signal components arrive the MRC receiver
with an angle variation smaller than the one for x = 3. This
narrowing in the angle region around the main direction of
arrival ¢, contributes for enhancing both spatial correlation
and magnetic coupling effect between the elements, directly
influencing the SEP.

In Figure 3, SEP curves are presented as a function of the
separation distance between the array elements, considering
the Gaussian distribution for the angle of arrival.

It is observed in Figures 2 and 3 that the direction of arrival
o has a stronger impact on the SEP, when compared to the
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Fig. 2. SEP for 8-QAM scheme as a function of the direction of arrival ¢,
under correlated Nakagami-m fading and MRC receiver with L branches, for
6 = 60°, M = 64,1 = 0.6\, d = 0.25\, SNR = 20 dB and different
values of L.
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Fig. 3. SEP for 6-QAM scheme as a function of the separation distance

between antenna array elements, under correlated Nakagami-m fading and
MRC receiver with L branches, for ¢, = 48°, 0, = 27°, 0 = 60°, M =
64, 1 = 0.6\, SNR = 20 dB and different values of L.

separation distance between the array elements, mainly for
d > 0.5\, This is due to the fact that the spatial correlation
and the coupling between the elements are more impacted by
the DoA. The distance d has a deeper impact for values much
smaller than A/4.

In Figure 4, SEP curves for M = 16 and M = 64 are
presented as a function of the angle 6 of the constellation 6-
QAM, for a Gaussian distribution for the DoA and two values
of d (as a function of \), for a linear array. It is observed from
Figure 4 that the impact of the diversity order of the MRC
receiver in the SEP is greater than the one of the constellation
angle 0-QAM. It is also observed that the smaller SEP values
are obtained for § = 60° and for the case of less severe fading
(m = 2.0).

In Figure 5, SEP curves are presented as a function of the
SNR for different values of distance between the elements
of the linear array, fading intensity and length of the array
elements. It is observed that for severe fading (m = 0.6) and
strong coupling between the elements (d = 0.15\ and L =
0.8)), more than four branches are needed to maintain the
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Figure 6 shows SEP curves as a function of the SNR, for
different values of distance between the elements of the linear
array, considering the use of the Von Mises distribution.

It is observed in Figure 6 that a decrease in the distance
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Fig. 6. SEP for 6-QAM scheme as a function of the SNR, under correlated
Nakagami-m fading and MRC receiver with L branches, for ¢, = 60°,
k=2.0, M =64,1=0.8\ 0 =45° m = 0.6 and different values of L.

between the array elements, considering the dipole length [ =
0.8, has an impact in the SEP of receivers with four branches
that is greater than in the SEP of receivers with two branches.
This is due to the fact that the arrays with four elements suffer
more coupling from neighbor elements than arrays with three
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or two elements.

VI. CONCLUSION

In this article the symbol error probability (SEP) of the -
QAM scheme under correlated Nakagami fading is evaluated
using Von Mises and Gaussian distributions to model the
direction of arrival (DoA) of the electromagnetic waves for
antenna arrays. An expression for the SEP is presented in
terms of the characteristic function of the signal to noise ratio
(SNR) at the output of the receiver, taking into account the
effect of the magnetic coupling between the elements of the
array. An important aspect of the Von Mises Distribution is the
fact that it models more adequately anisotropic propagation
processes, when compared to the uniform distribution, and
leads to mathematical expressions for the spatial correlation
coefficients that are simpler than the ones obtained with
Gaussian and cosine distributions. It is observed that the DoA
of the electromagnetic waves in the array, with respect to the
MRC receiver, has a stronger influence on the SEP than the
separation distance between the array elements. Additionally,
the number of branches in the receiver has a stronger influ-
ence against the effects of coupling than the angle 6 of the
constellation #-QAM.
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