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On the Darmois-Skitovich Theorem and Spatial
Independence in Blind Source Separation

Flavio R. M. Pavan and Maria D. Miranda

Abstract—In many signal processing applications, one may
come across the need to individually recover unobserved signals
which are also combined in an unknown manner. This problem
is widely known as blind source separation (BSS). One of the
most prominent set of BSS techniques, known as independent
component analysis (ICA), owes much of its development and
theoretical understanding to the Darmois-Skitovich theorem.
Although this theorem is implicitly used in BSS to establish
source separability conditions in ICA, little emphasis is given
in the literature to its derivation and to the interpretation of
its consequences. The goal of this paper is to revisit, in a
more intuitive manner, the Darmois-Skitovich theorem and its
derivation in the BSS context.

Index Terms—Source separability conditions, independent
component analysis, Gaussian distribution characterization.

I. INTRODUCTION

HE need to individually recover unobserved signals, also
T combined in an unknown manner, arises in several prac-
tical contexts such as biomedical signal processing [1], audio
signal processing [2] and communications [3]. This problem,
widely regarded as blind source separation (BSS), can be
summarized with the simplified scheme shown in Figure 1.
In this scheme, Ny sources indicated by the vector s(n) are
applied to a mixing system 7, resulting in Ny mixture signals
indicated by the vector x(n). The main goal in BSS is to obtain
a separating system ‘W such that its outputs, indicated by the
vector y(n), consist in good estimates of Ny < N sources [4],

[5].

Sources: Mixtures: / Estimated
s(n) x(n) sources:
y(n)
Mixing Separating
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H w
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Figure 1. Simplified scheme of the main elements involved in the BSS of
Ny sources through the observation of Nx mixtures.

Research on BSS area is relatively recent and virtually
started in the beginning of the 1980s, when linear instan-
taneous mixing systems were primarily considered [6]. In
1985, B. Ans, J. Hérault and C. Jutten showed that it was
possible to solve the BSS problem by resorting to the use
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of nonlinear structures to determine the separating system
coefficients [7]. During that time, little was known about the
theoretical limitations of the existent separating techniques and
the reason why they did in fact work [6].

It was only in the beginning of the 1990s that P. Comon
introduced a set of techniques extensively known as inde-
pendent component analysis (ICA), based on the recovery
of mutual spatial independence of the sources at the output
of the separating system [8], [9]. In this occasion, source
separability conditions were also established, consisting of
theoretical requirements that the mixing system and source
distributions should meet so that the sources can be adequately
separated. In essence, as the separating system imposes mutual
spatial independence at its output, adequate BSS is guaranteed
if at most one source is Gaussian. This rather obscure relation
between source independence and non-Gaussianity was high-
lighted by P. Comon in [9], who drew inspiration from the
Darmois-Skitovich theorem, published in 1953 independently
by G. Darmois [10] and V. Skitovich [11], in the statistics field
known as factor analysis.

The derivation of source separability conditions was fun-
damental in the development of BSS techniques and in the
subsequent comprehension of their operating limits. Among
many things, they provided theoretical reasoning to the prin-
ciple of separation based on spatial independence imposition.
This, in turn, gave logical support to the use of high-order
statistics in order to separate sources—a fruitful idea which
inspired several works such as [4], [5], [12] and [13].

In this way, the Darmois-Skitovich theorem had an unde-
niably important role in the development of ICA techniques.
Despite this, little emphasis is given in the literature to the
derivation of this theorem, which is not evident, and to the
interpretation of its consequences in the BSS problem. The
goal of this paper is to revisit and interpret, in a more intuitive
manner, the Darmois-Skitovich theorem applied to BSS.

A. Paper organization

Next, the notation used along the paper is firstly introduced.
In Section II, the BSS problem is generically formulated and
subsequently considered for linear instantaneous mixtures. In
Section III, a statistical model for the sources that allows for
their adequate blind separation is presented. In Section IV,
some preliminary theorems are presented in order to better
understand the Darmois-Skitovich theorem in Section V. In
Section VI, this theorem is applied to the BSS problem. At
last, the conclusions of this paper are presented in Section VII.
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B. Notation

Throughout the text, vectors are denoted by lowercase bold-
face letters and matrices are denoted by uppercase boldface
letters. For example, x denotes a vector and H denotes a
matrix.

Random quantities are always represented by underlined
letters. For instance, x denotes a random variable (rv) and

x =[x, EZ]T

denotes a random vector composed of rvs x, and x,, where (-)"
denotes the transposition operation. Realizations or drawings
of a random quantity are not underlined because they are not
random [14]-[16].

Stochastic processes are always denoted enclosed in curly
braces and are represented as random quantities followed by
a time index enclosed in parentheses. Along the paper, only
discrete-time processes with time index n € Z are considered.
For instance, {y(n)} denotes a scalar stochastic process and
{y(n)} denotes a vector stochastic process. When evaluated at
a fixed time instant n = n, the scalar process {y(n)} becomes
an rv y(ng) and the vector process {y(n)} becomes a random
vector y(ng). -

II. BSS PROBLEM FORMULATION

In the following, the simplified BSS scheme shown in
Figure 1 is considered in the particular case of real signals.
The i™ source signal is denoted by s;(n) for i = 1,2,..., N;.
The source vector is defined as

s(n) = [sl(n) s2(n) st(n)]T.

The ¢ mixture signal is denoted by x¢(n) for £ = 1,2,..., Ny.
The mixture signals are collected into the mixture vector given
by

(IL1)

x(n) = [x1(n)  x2(n) v ()]

The mathematical relation between the source vector s(n)
and the mixture vector x(n) can be generically given by
x(n) = H{s(-)}, where H is an unknown mixture mapping
from R™s to R™x. This notation takes into account the causality
and eventual memory of the mixture mapping.

The k™ estimated or reconstructed source is denoted by
yi(n) for k = 1,2,..., Ny. The estimated source vector can be
conveniently defined as

(IL2)

y(n) = [y1(n)  ya(n) v, m)]" (I1.3)

and must satisfy y(n) = W{x(-)}, where ‘W is a separation
mapping from R™x to RN, In the general case, the involved
mixing and separating systems are evidently multiple-input
and multiple-output (MIMO).

Since the 1980s, several solutions have been gradually
proposed for the BSS problem. Various types of mixture
models based on hypothetical—or eventually known—aspects
of the mixing system and the unobserved sources have been
considered. The first BSS solutions were proposed for a very
particular type of mixing system model, whose study was
fundamental in the subsequent development of solutions for
more complicated models [5], [7], [8], [17].

One of the most simple mixing system models that can be
considered is the linear instantaneous mixing system [4], [S]—
which is also usually assumed to be time invariant. In this case,
the mixture signals x¢(n) can be expressed as a function of the
source signals s;(n) according to

Ns
xe(n) = " heisi(n), (IL.4)
i=1
for ¢ = 1,2,...,Nx, where hg; are the constant mixing

system coefficients. The equations stemming from (I.4) can
be compactly rewritten as

x(n) = Hs(n), (IL5)

where x(n) is the mixture vector defined in Equation (IL.2),
H € RMNs is the mixing system coefficient matrix—or
simply mixing matrix—given by

hip hip hi,n,
hy1  hap ho, N,

H-=| . ) , (I11.6)
hn.,1 hng2 hn,, N,

and s(n) is the source vector defined in Equation (II.1). For
simplicity, no additive noise is considered in the mixture
observations—the influence of noise in the separation process
can be further analyzed with the adoption of more complete
models [8], [17].

When seeking solutions for the particular type of mixing
system of Equation (IL.5), it is also common to consider a
linear instantaneous separating system. In fact, if the mixture
mapping is linear, instantaneous and bijective, for example,
its inverse mapping must also be linear and instantaneous.
Therefore, the relation between the estimated source vector
y(n) and the mixture vector x(n) is given by

y(n) = Wx(n), (I1.7)

where y(n) is defined in Equation (IL.3) and W € RM>*M ig
the separating system coefficient matrix—or simply separating
matrix. Substituting (IL.5) into (IL.7), the following useful
relation between the estimated source vector y(n) and the
source vector s(n) can be obtained:

y(n) = Ms(n), (IL.8)

where M € RN»*Ns is the so called combined response matrix
of the mixing and separating systems, given by

The mixture model addressed in this section does not
provide enough information to allow for the resolution of
the BSS problem in a deterministic manner. Since the start
of the 1990s, the path followed by the scientific community
to address this issue has consisted in (i) adopting a set of
hypotheses concerning statistical properties of the sources and
(ii) recovering certain properties at the output of the separating
system in order to adequately separate sources [8], [9], [17].
In the following section, a prevalent statistical model for the
sources that effectively allows for their blind separation is
presented.

(I1.9)
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ITI. STATISTICAL MODEL FOR THE SOURCES

Considering that the source signals are functions of time,
they can be preliminarily modeled as a vector stochastic
process {s(n)} such that

s(n) = [5,(n) s,(n)

In this case, the linear instantaneous mixtures and estimated
sources can be represented by stochastic processes {x(n)} and
{y(n)}, respectively, such that

sym]" (IIL.1)

x(n) = Hs(n) (I1L.2)
and
¥(n) = Wx(n) = Ms(n) (I.3)
where
x(n) = [x,(n) x,(n) xy @] (I1.4)
and
y(n) = [Xl(”) ¥, XNy(n)]T. (I1L.5)

The adoption of a particular stochastic model for the sources
additionally involves the consideration of assumptions about
their statistical behavior along time and space. Such behavior
may vary considerably among sources of distinct origins (e.g.,
speech and biomedical signals) and may not be precisely
known in practical situations so as to compose a reasonable
model [18].

In the context of linear instantaneous mixtures, the statistical
time structure of the sources is usually ignored for simplicity
or lack of a priori information. In other words, the distri-
butions of the sources are assumed to be constant in time,
implying that only their marginal distributions along time are
considered [4], [5]. Next, the implications of this source model
assumption in the BSS problem formulation are dealt with in
more detail.

A. Temporally independent and identically distributed sources

Broadly speaking, a stochastic process is called independent
and identically distributed (iid) if it does not have any kind
of statistical time structure—i.e., distribution variations and
temporal interdependencies [14], [16]. In the scalar case, the
consideration of an iid assumption in the stochastic model
conveniently allows for

« the interpretation of the scalar iid stochastic process re-
alization as succeeding independent drawings of a single
rv—in this case, the process can be replaced in the model
by its corresponding rv;

« the estimation of the corresponding rv distribution param-
eters, such as expected value and variance, through time
averages of the scalar iid stochastic process—due to the
iid process being ergodic [16].

In the BSS problem for linear instantaneous mixtures, dis-
regarding the statistical time structure of the sources translates
into an iid condition on the vector stochastic process {s(n)}. In
the vector case, the iid condition is considerably stronger than
in the scalar case, since the independence of different sources

for different times, e.g., 5,(0) and s,(1), is also guaranteed.
This is slightly different than to only consider that the scalar
processes {s,(n)}, fori = 1,2, ..., Ny, are individually iid [14]-
[16].

It is important to point out that the terms “independence”
and “identically distributed” in the acronym iid are implicitly
considered along time and not space. Even if the vector process
{s(n)} is iid, this does not imply the space independence of
the rvs s, (np), s,(ng), . . .,gNs(no), for a fixed time ng € Z.

Similarly to the scalar case, the adoption of an iid model for
{s(n)} allows for the sources to be equivalently represented by
a simple random vector s such that

sv]' (I1L6)

This representation is valid in the sense that a realization of
{s(n)} can be interpreted as successive independent drawings
of s. Furthermore, if {s(n)} is iid and the mixing and sepa-
rating systems are instantaneous and time invariant, it can be
shown that both {x(n)} and {y(n)} are also iid. In this case,
these two processes can be represented by

s=[s 5,

(I1L.7)

x=[x, x, - xy]

and
;
y =[X1 Yy XNy], (1IL.8)

respectively. In consequence, the input-output relations of the
mixing and separating systems, given by Equations (III.2)
and (II1.3), can be rewritten as

(I11.9)

and

(II1.10)

respectively. In this particular case, it follows that the mixing
and separation procedures can be conveniently interpreted as
simple linear transformations applied to random vectors [5].

Finally, it should be emphasized that more precise models
that consider the statistical time structure of the sources can
be formulated, but at the expense of a loss of generality and
more demanding mathematical treatment [18]. On the other
hand, although some model simplifications stem from the
sources iid assumption, this hypothesis does not contribute to
the formulation of linearly independent equations that allow
for the adequate blind estimation of the sources—i.e., based
only on observations of the mixtures. In order to make the
separation possible, an alternative consists in adding another
statistical assumption to the sources model, namely the spatial
independence of the sources [9]. Next, this assumption is
further detailed.

B. Spatially independent sources

Ifthervs s, 5,,...,8 N, are independent in some sense, then
the iid sources are called spatially independent. It is worth
noting that there are several ways in which the statistical
independence among more than two rvs can be defined.
Henceforth, three main rv properties related to independence
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are considered: uncorrelatedness (i.e., second-order “indepen-
dence”), pairwise independence (i.e., independence of any pair
of rvs) and mutual independence (i.e., independence of any
combination of two or more rvs). Rigorous definitions can be
found, for instance, in [14], [16]. These properties are related
as follows:

o« For Ny > 2, mutual independence implies pairwise
independence which, in turn, implies uncorrelatedness;
i.e.,

’mutual indep. = pairwise indep. = uncorrelatedness.‘

« For Ny = 2, mutual independence is equivalent to pairwise
independence; i.e.,

‘mutual indep. & pairwise indep. = uncorrelatedness.‘

« A full equivalence of these three properties occurs in the
particular case of Ny > 2 jointly Gaussian rvs; in this
case,

mutual indep. < pairwise indep. < uncorrelatedness.

From these listed relations, it is possible to note that the
assumption of mutual independence of the sources is generally
more restrictive (i.e., stronger) than their pairwise indepen-
dence and uncorrelatedness. In fact, while mutual spatial
independence restricts the joint probability distributions of
any combination of two or more sources, pairwise spatial
independence restricts the joint probability distributions of
only pairs of sources. Spatial uncorrelatedness is weaker
than both kinds of independence, because it only consists in
restrictions on second-order cross-moments of the sources—
while probability distribution restrictions imply conditions on
moments of any order.

C. BSS based on spatial independence

Historically, the first solutions proposed in BSS for linear
instantaneous mixtures and iid sources were based on the
assumption of mutual spatial independence of the sources [7],
[8], [17]. In practical situations, this assumption is usually
valid or at least approximately accurate [5]. The blind separa-
tion strategy behind these solutions was to recover the mutual
spatial independence property at the output of the separating
system. Initially, there was no rigorous explanation available
of why this strategy seemed to work.

In fact, adding some kind of spatial independence assump-
tion to the iid sources model may—or may not—allow for the
blind separation of the sources. On the one hand, it can be
shown that both spatial uncorrelatedness and pairwise spatial
independence are not sufficient assumptions for separability—
in the sense that the recovery of such properties at the output
of the separating system does not imply adequate source
separation in the general case [19]. On the other hand, it is
possible to prove that, under certain conditions, the assumption
of mutual spatial independence of the sources is sufficient for
source separability.

A proof on the sufficiency of the mutual independence
assumption for blind separation was initially presented by

P. Comon in [9], who resorted to applying the Darmois-
Skitovich theorem [10] to the BSS problem. This result was
very important in that (i) the validity of the blind separation
strategy based on the sources mutual spatial independence
assumption was confirmed and (ii) the separability conditions
that the source model should satisfy in order for the adequate
blind separation of sources, through the recovery of indepen-
dence, were established.

In order to better comprehend these separability conditions
in the BSS problem for linear instantaneous mixtures with iid
and mutually independent sources in space, it is convenient to
revisit the Darmois-Skitovich theorem. However, preceding its
presentation, some required preliminary theorems are briefly
introduced, along with examples, in the following section.

IV. PRELIMINARY THEOREMS

Theorem 1 (Cramér, 1936). Let u,, u,, . .., u, denote real and

mutually independent rvs. If, for real constants ay,ay, .. .,an,
the sum
N
ZzZa,yi Iv.1)
i=1

is Gaussian, then all rvs u; for which a; # 0 are also Gaussian.

This theorem was conjectured at first by P. Lévy; it was
proved for N = 2 in [20] and extended to N > 2 in [21].
Curiously, it is the converse of a well-known result, namely
that a linear combination of independent Gaussian rvs is also
Gaussian [16]. The proof of Theorem 1, on the other hand, is
much more involved than the proof of its converse.

It is interesting to compare Theorem 1 to the central limit
theorem (CLT), widely used in statistics. In general terms,
the CLT states that if u;,u,,...,u, are independent and
identically distributed rvs, then as N tends to infinity, the
distribution of v in Equation (IV.1) tends, in a probabilistic
sense, to a Gaussian distribution [16]. Due to this fact, it
could be argued that Theorem 1 is not correct since in the
CLT the rvs being summed are not required to have Gaussian
distributions. However, this is not the case since the CLT
is a result on the limit of a distribution as the number of
independent rvs being summed tends to infinity, while in
Theorem 1 the exact distribution of the sum of a finite number
of independent rvs is considered.

Theorem 2 (Marcinkiewicz-Dugué, 1951). Let u denote a real
rv with characteristic function @, : R — C defined as [16]

D, (w) = E[e/*4], (IV.2)

where E[-] denotes the expected value and j denotes the
imaginary unit such that j*> = —1. The only rvs that have
a characteristic function of the form

Dy (w) = P, (IV.3)

where p : R — C is a polynomial, are the constant rvs and
the Gaussian rvs.

Some particular cases of this theorem were examined in
the thesis of M. G. Kunetz in 1937 and its general proof
was presented by M. Marcinkiewicz in 1940. Additionally,
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D. Dugué also mentioned this theorem in 1939 and presented
a shorter proof of it in 1951 [22].

In order to prove Theorem 2, some rather sophisticated
concepts of complex analysis and meromorphic functions (i.e.,
complex analytic functions except for a set of isolated points
in the domain known as poles) are needed. Basically, the proof
consists in determining conditions on the polynomial p such
that @, (w) = eP@) results in a valid characteristic function.

In the following example, presented in order to clarify some
aspects of Theorem 2, all possible characteristic functions and
probability density functions are determined for polynomials
with maximum degree equal to two.

Example 1. Let u denote a real rv with probability density
function f, and characteristic function ®,(w) = e”“), with
w € R and p polynomial such that degree(p) < 2. Initially,
it is useful to remember that the characteristic function of
an rv u with probability density function f,, is equal to the
Fourier transform of f, with a sign reversal in the complex
exponential. In fact, by expanding the expected value in
Equation (IV.2), @, can be written as

D, (w) = [ N ej“’“fﬁ(u) du.

(o9

(IV.4)

With that in mind, the following three collectively exhaustive
situations for degree(p) < 2 are considered:
o p constant: The area under f,, must be equal to one, which
implies that

®,(0) = 1. (IV.5)

Since p is constant, the only valid choice is p(w) = 0 for
all w € R. Thus, ®,(w) =1 for all w € R and u is an rv
with probability density function

Ju(u) = 6(u),

where () denotes the Dirac delta. Therefore, u is a
constant rv that is equal to zero with probability one.

o degree(p) = 1: Since f, must be real, Fourier transform
properties result in

Oy (-w) = D, (w)

(IV.6)

IV.7)

for all w € R, where (-)* denotes the complex conjugate.
Assuming that p(w) = a@w + B, with @, 8 € C and «a # 0,
the conditions given by Equations (IV.5) and (IV.7) imply
that 8 = 0 and « is purely imaginary. Thus, p must be
of the form p(w) = jwuy, with uy € R and ug # 0, which
yields

ful) = 8(u — o).

In this case, u is a constant rv that is equal to uy # 0 with
probability one.

« degree(p) = 2: Assuming that p(w) = aw’® + Bw + v,
with @, 5,y € C and @ # 0, the conditions given by
Equations (IV.5) and (IV.7) imply that y = 0, § is purely
imaginary and « is real. Therefore, p can be conveniently
expressed as p(w) = jou — w?c?/2, with g, 0> € R and
o2 # 0. In this case, the inverse Fourier transform of O,
converges only for 0% >0 and yields [16], [23]

fg(u) =

(IV.8)

L /o)

(IV.9)
2mo?

This means that f, is a Gaussian probability density
function with mean y and variance o2, and u is a
Gaussian rv.

The uniqueness of the Fourier transform pairs [23] implies
that the characteristic functions considered in this example are
the only functions associated to either constant or Gaussian
rvs. Therefore, according to Theorem 2, there is no rv u such
that @, (w) = eP@) with degree(p) > 2.

Lemma 1 (Darmois, 1953; Linnik and Rao, 1964). Let
fis oo fn R — C and g1,80 : R — C all denote
continuous functions in an open set V around the origin. Let
T : R* — C satisfy the following decomposition:

N
T(x,y) = Y felacx +bey) = g1(x) + g2(y), for all x,y €V,

=1
(IV.10)
where aj, ay, . ..,an and by, b, ..., by are real nonzero con-
stants such that, if N > 1,
aiby —axb; # 0 for all i # k. Iv.1n
Then, all functions f;, fori = 1,2,..., N, are polynomials with
maximum degree equal to N.

A proof of this lemma for N = 2, based on the use of
finite differences, is presented in [10]. An alternative proof
is presented in [21], along with some extensions of the
original result. In general terms, this lemma establishes that
the only functions for which the decomposition in two terms
of Equation (IV.10) holds, under the condition (IV.11), are
polynomials. Furthermore, the degrees of these polynomials
must be, at most, equal to the number N of terms being
originally summed.

An example in which the consistency of Lemma 1 is verified
for different types of functions is presented next.

Example 2. Considering the particular case of N = 2 and
fi, o : R = R, the following pairs of functions are examined:

e fi(x) = ¢ and fr(x) = \/m: The functions f; and f>
are not polynomials. According to the contrapositive of
Lemma 1, the function T does not admit a decomposition
according to (IV.10) under the condition (IV.11) with
nonzero constants.

e fi(x) = (x+1)? and fr(x) = 2x: Considering these func-
tions, straightforward manipulations on the expression of
T yield

T(x,y) = g1(x) + g2(y) + 2a1byxy for all x,y € R,

(Iv.12)
where g1,g0 : R — R are polynomials. Therefore, a
decomposition of T according to (IV.10) is possible if,
and only if, a; = 0 or b; = 0. In both situations, however,
Lemma 1 is inconclusive since nonzero coefficients are
required. In this case, the converse of the lemma is not
true; i.e., f] and f, are polynomials with maximum degree
N = 2, but a decomposition under the conditions of
Lemma 1 does not exist.
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e fi(x) = x? and fo(x) = —2x%: In this case, it follows from
direct manipulations on the expression of T that

T(x,y) = g1(x)+82(y)+2(a1b1—2azby)xy for all x,y € R,

av.13)
where g1, g2 : R — R are polynomials. It follows that a
decomposition of T according to (IV.10) is possible if,
and only if, a;b; —2azb, = 0. Such condition is valid for
nonzero coefficients and also while satisfying (IV.11)—

which, in this case, simplifies to a;by — axb; # 0. For

example, if
ar=2, ax=2, by =6 and by =3, (Iv.14)
then
arby —2aby =0 (Iv.15)
and
airby —ar)by £ 0. (IVv.16)

Therefore, by applying Lemma 1, it follows that f; and
f> are polynomials of maximum degree N = 2—which,
in fact, is true.

Based on Theorems 1 and 2 and Lemma 1, in the following
section the Darmois-Skitovich theorem is enunciated and an
outline of its proof, inspired by [10], [21], [24], is also
presented. Afterwards, the application of this theorem in the
context of BSS is addressed.

V. DARMOIS-SKITOVICH THEOREM
Theorem 3 (Darmois, 1953; Skitovich, 1953). Let
up,Uy, ..., Uy denote real and mutually independent rvs
and define the linear forms

Tanuy

{Kl = alﬂ] + aZZZ +e (Vl)

Vo =bru; +bouy + -+ byuy

where ay, ay,...,an and by, by, ...,by are real constants. If
v, and v, are independent, then for each index i (with i =
L,2,...,N) such that a;b; # 0, it follows that u; is either a
constant rv or a Gaussian rv.

Proof. The joint characteristic function of v, and v, is defined
as [16]

Dy v (w1, w2) = B [exp (j(wiy, + wov,))] . (V.2)

Substituting into (V.2) the expressions of v, and v, given by
Equation (V.1), it follows that

N
jZ(wlai + wzbi)zi)l . (V3

@, v, (w1, w2) = E |exp
i=1
Due to the mutual independence of u; fori=1,2,...,N, the
following factorization of ®, , is possible [16]:
N
®, v, (w1, w2) = I_[ O, (w1a; + wrb;). (V.4)
i=1
In addition, the independence of v, and v, yields
(Dgl,gz(wl, wy) = q)gl (w1) ‘Db(wz)- (V.5)

Equating the right-hand side of Equations (V.4) and (V.5)
results in

N
Q, (w1) Dy, (w2) = l_[ O, (wia; + wrb;). (V.6)
i=1
Applying the natural logarithm to both sides of this equation,
and denoting W(-) = In(®(-)), the following identity between

exponents of characteristic functions holds:

N
Yy (1) + ¥y, (w2) = Z Wy, (w1a; + wrby).
i=1
For convenience, the set of all indices i for which a;b; # 0 is
now defined as:

I={i=12...

(V.7)

,N | a;b; #0}. (V.8)

For indices i ¢ 7, it is possible to incorporate the correspond-
ing function ¥, in Equation (V.7) into one of the two terms
on its left-hand side. Repeating this procedure on (V.7) for
all the indices i ¢ 7, the following generic expression can be
obtained:

Py, (@) + Py, (@02) = > W (@17 +w2by),
iel

(V.9)

where W, v, denotes the function ¥, after the incorporation
of all the functions ¥, for which a; # 0 and b; = 0, and

‘I’VZ represents the funct10n ¥y, after the incorporation of all
the functions ¥, for which a; = 0 and b; # 0. Eventually,
if a;,b; = 0 for some index i, the corresponding term on the
right-hand side will be identically zero since ¥y, (0) = 0. It
can be noted that there remain n(J) terms being summed on
the right-hand side of Equation (V.9), where n(-) denotes the
cardinality of a set.

In order to finish this proof, Equation (V.9) must be exam-
ined under the four collectively exhaustive cases listed next:

(i) n(l) =
In this case, 7 = @ and a;b; =0 foralli =1,2,...,N.
Nothing can be said of the rvs u, for i = 1,2,...,N,
because v, and v, are always independent since they
are sums of rvs which belong to disjoint and, therefore,
independent sets.
nl)=1:
Applying Lemma 1 to Equation (V.9), it follows that
the function ¥, for i € 7 is a polynomial of maximum
degree equal to one. Now, it follows from Theorem 2
that u; is a constant rv. In fact, it can be shown that the
only rv which is independent of itself is the constant
rv—and this is exactly the case here.
nI)>1;, iL,kel|Vi#k, aiby—ayxb; #0:
Initially, Lemma 1 is applied to Equation (V.9) and
it follows that the functions ‘I’u for i € I are all
polynomials of maximum degree equal to n(Z) > 1.
Now, it follows from Theorem 2 that the rvs u; fori € 7
are either constant or Gaussian.
nZ)>1; i,kel|3i+k aiby—arb;=0:
In this case, a combined rv u;; can always be defined
such that

(i)

(iii)

(iv)

@il = Aith; + Aty

(V.10)
Bi,kﬂi,k = biﬂi + bkﬂk
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with @;x = 1/b; and B;x = 1/a;. After combining
exhaustively all possible rvs in Equation (V.1) for indices
belonging to 7, steps similar to case (iii) can be carried
out for the resulting rvs. Specifically, Lemma 1 and
Theorem 2 are applied to each resulting rv. For the
individual rvs, it follows that they are either constant or
Gaussian, analogously to case (iii). For the combined
rvs, however, it only follows from the procedure of
case (iii) that the combined rvs are either constant
or Gaussian. If a given combined rv is constant, the
individual rvs being summed are also constant because
they are mutually independent. This is a particular case
of Theorem 1 for Gaussian rvs with zero variance—i.e.,
constant rvs. On the other hand, if a given combined rv
is Gaussian, then Theorem 1 is applied to conclude that
at least one of the individual rvs is Gaussian, and the
other ones are either constant or Gaussian.

]

This theorem was fully demonstrated in 1953 [10], [11].
In spite of this, the relation between non-Gaussianity and
independence of rvs had been long studied by several people;
for instance, J. C. Maxwell, in the 19th century, investigated
this topic when studying molecule velocity distributions in the
three-dimensional space [25].

Eventually, the Darmois-Skitovich theorem was generalized
for various cases, such as linear combinations of random
vectors and random linear forms—i.e., linear forms, such as in
Equation (V.1), with random coefficients instead of constant
coefficients [21].

In several areas of statistics, the Darmois-Skitovich theorem
is considerably relevant—especially in the fields of factor
analysis and rv decompositions. Its relevance comes mainly
from the fact that it consists in a characterization of the
Gaussian distribution through the independence of two linear
forms [21]. This means that, apart from constant rvs!, only
Gaussian rvs are not necessarily isolated when v, and v, are
independent. This strong property is very interesting by itself
in the theoretical sense, but it also has important practical
applications—such as in the BSS problem. Such applications
are further discussed in the next section.

VI. APPLICATIONS TO BSS

The goal of this section is to better understand, with
clarifying examples, the separability conditions in BSS derived
from the Darmois-Skitovich theorem.

Throughout this section, the real BSS problem for linear
instantaneous mixtures with iid and mutually independent
sources in space is considered. For simplicity, the BSS prob-
lem is assumed to be even-determined—i.e., with the same
number of sources and mixtures such that N = Ny = Ng = Ny.

Firstly, a condition on the combined response matrix to
ensure uncorrelatedness at the output of the separating system
is introduced. Next, separability conditions are presented,
followed by a discussion on the consequences of a spatial
whitening procedure applied to the mixtures.

IInterestingly, a constant rv can be alternatively regarded as a degenerate
case of the Gaussian rv—i.e., when its variance is zero.

A. Condition on the combined response matrix

Lemma 2. Let s be the source vector with nonconstant and
mutually independent rvs, and let y be the estimated source
vector, both with N elements, such that y = Ms where M €
RNV*N s an invertible combined response_ matrix. If the rvs in
y uncorrelated, then

M = Ayi/leA;/z, (VL1)

where Ay, € RN*N ¢ Ay € RN*N are positive-definite diagonal

matrices and My, € RN*N s an orthogonal matrix—i.e.,

MITM 1 = In, where Iy denotes an N X N identity matrix.

Proof. The covariance matrix of y is defined as [14], [16]

Cy =E[(y —my)(y —my)'| e RNV, (VL2)

where
my =E[y] € RN (VL3)
is the mean vector of y. Substituting y = M's into (V1.3) yields
my = E[Ms] = ME[s] = Mm;. (V1L4)

Now, substituting y = Ms and (VI1.4) into (VI.2) yields

Cy =E[(Ms — Mms)(Ms - Mmy )| (VL5)
=ME[(s—ms)(s—mg)"|M" (VL6)
=MCsM'. (VL7)

Since the rvs in § are nonconstant and mutually independent,
they are also uncorrelated. This implies that

Cs = Ay (VL8)

where Ay € RN*N is a positive-definite diagonal matrix. In
addition, the rvs in y are also nonconstant because M is
invertible. Thus, if the rvs in y are independent, it follows
that a

Cy = Ay, (VL9)

where A, € RN*N is a positive-definite diagonal matrix.
Finally, substituting (V1.8) and (VI.9) into (VL.7) yields

Ay = MAM" (VL10)

T
= 1= (&""MA) (A PMA) v
By definition, it follows that M, = Ay 120 A;/ % is orthogonal
and M is of the form (VIL.1). - O

In short, this lemma establishes that the condition of uncor-
related estimated sources imposes a “special format”, given by
Equation (VI.1), on the combined response matrix.

In the following example, it is shown how Theorem 3 and
Lemma 2 can be jointly applied in order to preliminarily infer
separability conditions in a simple BSS problem.

Example 3 (The Darmois-Skitovich theorem and the combined
response matrix). The BSS problem for N = 2, as shown in
Figure 2, is considered in this example. Let the independent
source rvs s, and s, be nonconstant. Additionally, let matrices

H,W e R>?2 be invertible. The goal of this example is
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to verify under which conditions the imposition of spatial
independence at the output of the separating system is able
to adequately separate the given sources.

Independent Mi . Estimated
sources: Ixtures: / sources:
5 4 . P
—— | Mixing » Separating |——
S, system X, system Y,
— > H > w —

/

Figure 2. Simplified scheme of the main elements involved in the real and
even-determined BSS problem with N = 2, for linear instantaneous mixing
and separating systems with iid and mutually independent sources in space.

Initially, the relation between the source vector and the esti-
mated source vector—namely, y = M s—can be conveniently

expanded as
5
SH '

By varying the elements of the separating matrix W, the
elements of the combined response matrix M = WH are also
altered because H is invertible. Ensuring that M is chosen
such that y is independent of y_, Theorem 3 can be applied
to Equation (VI.12), which yields

21 =[“1 @ (VL12)

Y, by by

aib; #0= s, is Gaussian‘

for i = 1,2. In other words, if both elements of the i column
of M are nonzero, then the rv s, is Gaussian. Since M is a
2 X 2 matrix and satisfies a factorization of the form (VIL.1)
according to Lemma 2, it follows that

a1by #0 © axby #0.

As a result, the following cases can be considered:

« All the elements of M are nonzero: From Theorem 3, it
follows that the rvs s, and s, are Gaussian. In this case,
neither of the sources have been adequately separated,
since both have nonzero contributions to both y and Yy

o M is either diagonal or antidiagonal: nothing can be
said about s, and s5,. However, in this case both sources
are separated, except for eventual permutations and scale
ambiguities.

Although the structure of M has been related to the sources
Gaussianity in the previous analysis, this relation can be
better comprehended if the contrapositive of Theorem 3 is
considered, namely

s, is not Gaussian = a;b; = 0

for i = 1,2. In other words, if the rv s, is not Gaussian, then
at least one of the elements of the /™ column of M is equal
to zero. Once again, it follows from Lemma 2 that

albl =0 azbg =0.

Now, the following cases are considered:

» 5, and s, non-Gaussian: The contrapositive implies that
ai1by = axby = 0. Since Y, and y, are nonconstant, M

is either diagonal or antidiagonal. Therefore, the sources
are adequately separated by imposition of spatial inde-
pendence, except for permutation or scale ambiguities.

« 5, non-Gaussian and s, Gaussian: It is possible to con-
clude from the contrapositive only that a;b; = 0. On the
other hand, the condition on M implies that a;b, = 0.
Therefore, once again M must be either diagonal or
antidiagonal and the sources are adequately separated. By
symmetry, the case in which s, is Gaussian and s, is non-
Gaussian is analogous.

o 5, and s, Gaussian: Nothing can be said about the
elements of M from the application of the contrapositive.

To conclude this example, it should be noted that the appli-

cation of the Darmois-Skitovich theorem to this BSS problem
allowed for the verification of situations in which source
separability is possible by imposition of spatial independence
at the output of the separating system. Namely, separation is
guaranteed up to ambiguities if at most one source is Gaussian.
Additionally, nothing can be said if both sources are Gaussian,
since in this case there is no additional restriction on the
structure of the combined response matrix. In particular, if
M is either diagonal or antidiagonal, then the sources are
adequately separated. On the other hand, if all the elements
of M are nonzero, then separation is not attained.

The results for N = 2 obtained in the considered example
can be extended to the case of N > 2 in what is known as
the source separability theorem proved by P. Comon in [8],
[9]. These theoretical conditions that the mixture model must
satisfy in order for the adequate separation of sources by
spacial independence imposition are presented next.

B. Source separability theorem

Starting from the application of Theorem 3 to the particular
BSS mixture model considered herein, in [9] the following
intermediate lemma is obtained.

Lemma 3 (Comon, 1992). Let s be the source vector with
mutually independent rvs, and let y be the estimated source
vector, both with N elements, such that y = Ms where M €
RNXN s the combined response matrix. In addition, the rvs in
y are assumed to be pairwise independent. If the i™ column
of M has at least two nonzero elements, then s, is either a
constant rv or a Gaussian rv.

Proof. Let M = [my;] with k,i = 1,2,...,N. Without loss
of generality, it is assumed that the i column of M has two
nonzero elements in rows k; and k, such that k; # k,—i.e.,
my, imi,; # 0. Theorem 3 can be applied only considering
rows ki and k», since Y, and ¥, are independent by hypoth-
esis. It follows that s, 1s e1ther a constant rv or a Gaussian
v. ]

Now, Lemmas 2 and 3 can be used to determine separability
conditions for the general case of N > 2 and M invertible.
These conditions are given by the following theorem, whose
proof based on [9] is also presented.

Theorem 4 (Source separability theorem; Comon, 1992). Let
§ be the source vector with mutually independent rvs of which
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at most one is Gaussian and none are constant, and let y be
the estimated source vector, both with N elements, such that
y = Ms where M € RN*N s an invertible combined response
matrix. The following propositions are equivalent:

(1) The estimated sources in y are pairwise independent.
(i) The estimated sources in'y are mutually independent.
(iii) M = AP, where A € RN*N s an invertible diagonal

matrix and P € RN*N s a permutation matrix.

Proof. (iii) = (ii): If M = AP, then each element of y is equal
to only one element of s multiplied by a real nonzero constant.
In addition, any pair of distinct elements of y are not equal
to the same element of s up to a multiplication by a constant.
Since the rvs in s are mutually independent, it follows that
the estimated sources in y are also mutually independent.
(i) = (i): Since the estimated sources in y are mutually
independent, then they are also pairwise independent [14].
(i) = (iii): Let the rvs in y be pairwise independent and
let M # AP for N > 2. According to Lemma 2, M has a
factorization of the form (VIL.1). It follows that at least two
different columns of M have at least two nonzero elements
each. Applying Lemma 3 to the sources corresponding to each
of the two aforementioned columns of M, it follows that s has
at least two Gaussian sources. This is in contradiction with the
original hypothesis that at most one of the elements of s is
Gaussian. O

This theorem ensures that, under certain conditions, the sep-
aration principle based on imposition of spatial independence
at the output of the separating system is able to adequately
separate the sources. In particular, this strategy is always valid
if M is invertible and at most one of the sources is Gaussian
and none of them are constant. This is in consonance with the
conclusions obtained in Example 3 for N = 2.

Also, Theorem 4 establishes that the sources may be
separated up to eventual permutation and scale ambiguities,
represented by matrices P and A, respectively. These are
inherent indeterminacies of any solution to the BSS problem
for instantaneous linear mixtures with iid and mutually inde-
pendent sources in space, except when additional hypotheses
are considered in the sources statistical model [4], [5], [8]

Finally, according to Theorem 4, although mutual inde-
pendence of the sources is required in the statistical model,
imposing either mutual independence or pairwise indepen-
dence at the output of the separating system implies adequate
source separation under the separability conditions. This is an
interesting result, especially for envisioning solutions to the
BSS problem.

As a way to further interpret and understand the separability
conditions given by Theorem 4, the effect of spatial whitening
of the mixtures in the BSS problem is discussed next.

C. Spatial whitening and separability

The procedure known as whitening consists in making a
set of rvs uncorrelated and also normalized, such that all of
them have the same variance [4], [8]. For convenience, the
following definition is adopted.

Definition 1. The zero-mean rvs u,,u,, ..
are whitened rvs if, and only if,

Uy, for N > 2,

(i) they are uncorrelated, i.e.,

E[u;u,] =0 (VL.13)
foralli,£=1,2,...,N withi # ¢,
(i) they have unit variance, i.e.,
var[y;] = E[u7] = 1. (VI.14)

In BSS, an usual approach for separation consists in ap-
plying a spatial prewhitening procedure to the mixture vector,
resulting in a whitened mixture vector on which the separation
is subsequently performed. This spatial prewhitening step is
usually done by means of a linear transformation.

A simplified scheme of the BSS problem with a prewhiten-
ing procedure is illustrated in Figure 3. The zero-mean mixture
vector x is obtained according to (II1.9), where H € RV*N i
an invertible mixing matrix and § is a zero-mean source vector.
A prewhitening linear transformation A € RV* is applied to
the mixture vector, resulting in a whitened mixture vector

= Ax. (VL15)

[=1

The whitening matrix A is chosen such that Cz = Iy,
where Cz = E[xX'] is the covariance matrix of X. Finally,
an invertible separating transform W € RV*N is applied to
the whitened mixture vector, resulting in an estimated source
vector

y=WE. (VL16)

In order to better understand the consequences that a
prewhitening procedure has in the global separating problem,
it is convenient to consider the following proposition.

Proposition 1. If the source rvs in s are mutually independent
and nonconstant, then an adequate orthogonal transformation
W applied to the prewhitened mixture vector is enough to
adequately separate the sources.

Proof. Substituting (II1.9) into (VI.15) yields

X = AHs. (VL17)

Since the source rvs in s are mutually independent and
nonconstant, and X is a random vector of uncorrelated rvs
with unit variance, it follows from Lemma 2 that

AH = AgZMlA;/Z, (VL.18)

where AE =TIy, M; € RV*N jgan orthogonal matrix and Ay is
a positive-definite diagonal matrix. Now, substituting (VI.17)
into (VI.16) yields

y =WAHs5,

(VL.19)
and substituting (VI.18) into this last equation results in
y = WMiA;'’s. (V1.20)

Since M is orthogonal, then choosing W = Ml‘1 = MlT, which
is also an orthogonal matrix, Equation (VI.20) becomes

y=A;'"s. (VI21)
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Figure 3. Simplified scheme of the main elements involved in BSS for linear instantaneous mixtures with iid and mutually independent sources in space

when a prewhitening procedure is applied to the mixtures.

It follows from Equation (VI.21) that choosing an adequate
orthogonal matrix W it is possible to adequately separate the
sources. O

From this proposition, it follows that a prewhitening step
can be understood as solving a part of the BSS problem. This
means that the search for an adequate separating matrix W
can be restricted to orthogonal matrices when prewhitening is
carried out [4], [5]. In fact, independence implies uncorrelat-
edness and prewhitening is in general preliminary in order to
attain independence.

It should be noted, however, that the condition given by
Equation (VI.21) is equivalent to the imposition of spatial
independence at the output of the separating system only if
the separability conditions of Theorem 4 are satisfied. Specif-
ically, at most one source must be a Gaussian rv. Therefore,
although there also remains an orthogonal transformation in
order to separate two or more independent Gaussian sources
according to Proposition 1, such separation cannot be carried
out blindly—i.e., by imposing spatial independence of the
estimated sources. In fact, it is possible to show that for two
or more Gaussian sources, and after prewhitening, any choice
of an orthogonal matrix W is able to ensure independence for
the estimated sources—but this does not imply that the sources
are always separated.

In practice, spatial prewhitening can be done using similar
procedures to what is carried out by principal component
analysis (PCA) algorithms [5], [9]. Next, a numerical example
of prewhitening applied to observations of the mixture vector
is presented. The goal is to verify what happens after the
prewhitening step in terms of separability conditions and to
illustrate the implications of Theorem 4 and Proposition 1.

Example 4 (Source distributions and spatial prewhitening
of the mixtures). From now on, the scenario described in
Example 3 with N = 2 is considered along with the scheme
of Figure 3 and the following additional remarks:

« The zero-mean source vector, given by s = [,
such that s, is independent of s,.

« The mixture vector, given by x =[x, x,]", is obtained
according to x = H's, where the following mixing matrix
is considered

£2 ]T» IS

0.1302
-0.5191

0.9683

—03545|°  (VI22)

Hz[hl h2]=

« A prewhitening transformation A, obtained according
to [5], is applied to the mixture vector resulting in

a whitened mixture vector X = [X,
X = Ax.

X, ]" such that

Herealfter, the effect of the mixture and prewhitening proce-
dures in the distributions of the involved signals is considered
for three distinct joint distributions of the source rvs. Scatter
plots for the independent sources, mixtures and whitened
mixtures are shown in Figure 4 for 10° independent drawings
of each random vector. The following source distributions are
considered: (a) uniform rvs, (b) rvs with distinct distributions,
one of them being bimodal, and (c¢) Gaussian rvs.

(b)

independent
sources

(i)

mixtures =

X
(i)
Ro)
r
(i)
X

(i) (i)
X

whitened
mixtures

Figure 4. Scatter plots of independent sources, mixtures and whitened
mixtures for N = 2 and (a) uniform sources, (b) sources with distinct
distributions and (c) Gaussian sources. Independent drawings of each source—
and the associated mixture and whitened mixture—are indicated in the axes
labels by a superscript index i enclosed in parentheses, withi = 1,2, ..., 103.

In particular, regarding Figure 4, it should be noted that:

« The orthogonal axes shown in red and blue in the source
scatter plots (first row of Fig. 4) are also represented
after the mixing and prewhitening transforms (second and
third rows of Fig. 4, respectively). The axes directions
change due to the linear transformations being applied.
Specifically, after mixing the axes point in the directions
of h; (red) and h; (blue), which are not orthogonal. After
the prewhitening transform, however, the orthogonality of
the axes is recovered.

« By comparing the scatter plots of the unobserved sources
with those of the whitened mixtures, it can be seen that
the whitening procedure is capable of recovering the
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“general structure” of the source distribution support up
to an orthogonal transformation (e.g., rotation) — which
is consistent with Proposition 1.

Therefore, the following step in source separation with
prewhitening consists in determining an orthogonal separation
matrix W to be applied to the whitened mixtures such that the
sources are adequately separated. If, for example, a rotation is
applied to the scatter plots in the third row of Figure 4, it can
be noted that:

« There is more than one rotation possible for the adequate
separation of sources—all imply in correct separation, but
with eventual change in the order of the sources. This
is a reflex of the permutation ambiguity considered in
Theorem 4.

« For the source distribution considered in case (b), the
scatter plot of the whitened mixtures is elongated in the
direction of h, when compared to the independent source
scatter plot. In this case, when the correct rotation is
applied to the scatter plot of the whitened mixtures, the
sources are recovered with a scale ambiguity—as also
considered in Theorem 4. Such behavior, however, is not
observed in cases (a) and (c), where both source rvs have
the same variances.

Finally, according to Theorem 4, spatial independence
imposition at the output of the separating system implies
adequate blind source separation for cases (a) and (b). Source
separation is not ensured, however, for case (c), where both
sources are Gaussian. This can also be understood in a
alternative and complementary way: any rotation applied to
the scatter plot of the whitened sources results in indepen-
dent estimated sources because (i) uncorrelatedness implies
independence in the Gaussian case and (ii) the covariance
matrix of the whitened mixtures is an identity. Therefore,
spatial independence imposition is not enough for blind source
separation in this case.

VII. CONCLUSIONS

P. Comon in [9] resorted to the important relation between
independence and non-Gaussianity of rvs evidenced by the
Darmois-Skitovich theorem to establish sufficient conditions
of source separability for iid and mutually independent sources
in space when applied to a linear instantaneous mixing system.
Namely, that the sources can be recovered via independence
imposition at the output of the separator system if at most one
source is Gaussian, none are constant and the mixing system
is invertible.

It should be finally noted that the Darmois-Skitovich the-
orem has been extended in many different ways, for exam-
ple, in the derivation of separability conditions for complex
sources [26], [27] and nonlinear mixtures [28]. In addition,
it is still a subject of research to the present days, especially
in the field of mathematical statistics (see, for example, [29],
[30]). Motivated by the fact that the relation between inde-
pendence and non-Gaussianity of rvs is not evident, the goal
of this paper was to aid in the understanding of fundamental
theoretical concepts of BSS by presenting and interpreting the
Darmois-Skitovich theorem in this context. In future works,

the understanding of current techniques of BSS with high
levels of sophistication is envisaged.

REFERENCES

[11 Y. Li, Z. L. Yu, N. Bi, Y. Xu, Z. Gu, and S.-I. Amari, “Sparse
Representation for Brain Signal Processing: A tutorial on methods and
applications,” IEEE Signal Process. Mag., vol. 31, no. 3, pp. 96-106,
May 2014, doi: 10.1109/MSP.2013.2296790.

[2] E. Vincent, N. Bertin, R. Gribonval, and F. Bimbot, “From Blind to
Guided Audio Source Separation: How models and side information can
improve the separation of sound,” IEEE Signal Process. Mag., vol. 31,
no. 3, pp. 107-115, May 2014, doi: 10.1109/MSP.2013.2297440.

[3] P. Chevalier and A. Chevreuil, “Application to telecommunications,” in
Handbook of Blind Source Separation: Independent Component Analysis
and Applications, P. Comon and C. Jutten, Eds. Oxford: Academic
Press, 2010, ch. 17, pp. 683-725.

[4] J.-F. Cardoso, “Blind signal separation: statistical principles,” Proc.
IEEE, vol. 86, no. 10, pp. 2009-2025, Oct. 1998, doi: 10.1109/5.720250.

[5] A. Hyvirinen and E. Oja, “Independent component analysis: algorithms
and applications,” Neural Networks, vol. 13, no. 4-5, pp. 411-430, Jun.
2000, doi: 10.1016/S0893-6080(00)00026-5.

[6] C. Jutten and P. Comon, “Introduction,” in Handbook of Blind
Source Separation: Independent Component Analysis and Applications,
P. Comon and C. Jutten, Eds. Oxford: Academic Press, 2010, ch. 1,
pp. 1-28.

[71 J. Hérault, C. Jutten, and B. Ans, “Détection de grandeurs primitives
dans un message composite par une architecture de calcul neuromimé-
tique en apprentissage non supervisé,” in Actes du Xeme colloque
GRETSI. Nice: GRETSI, May 1985, pp. 1017-1022.

[8] P. Comon, “Independent component analysis,” in Higher-Order Statis-
tics, J. L. Lacoume, Ed. Amsterdam: Elsevier, 1992, pp. 29-38.

, “Independent component analysis, A new concept?” Signal Pro-
cess., vol. 36, no. 3, pp. 287-314, Apr. 1994, doi: 10.1016/0165-
1684(94)90029-9.

[10] G. Darmois, “Analyse générale des liaisons stochastiques: etude partic-
uliere de I’analyse factorielle linéaire,” Revue de I’Institut International
de Statistique, vol. 21, no. 1/2, pp. 2-8, 1953, doi: 10.2307/1401511.

[11] V. P. Skitovich, “Linear forms of independent random variables and
the normal distribution law,” Izvestiya Akademii Nauk SSSR. Seriya
Matematicheskaya, vol. 18, no. 2, pp. 185-200, 1954.

[12] H. W. Gutch and F. J. Theis, “Uniqueness of linear factorizations into
independent subspaces,” J. Multivariate Anal., vol. 112, pp. 48-62, Nov.
2012, doi: 10.1016/j.jmva.2012.05.019.

[13] G. Chabriel, M. Kleinsteuber, E. Moreau, H. Shen, P. Tichavsky,
and A. Yeredor, “Joint Matrices Decompositions and Blind Source
Separation: A survey of methods, identification, and applications,” IEEE
Signal Process. Mag., vol. 31, no. 3, pp. 34-43, May 2014, doi:
10.1109/MSP.2014.2298045.

[14] W. Feller, An introduction to Probability Theory and Its Applications,
3rd ed. New York: John Wiley & Sons, Inc., 1976, vol. L.

[15] L. Breiman, Probability. Philadelphia: Society for Industrial and
Applied Mathematics (SIAM), 1992, doi: 10.1137/1.9781611971286.

[16] A. Papoulis and S. U. Pillai, Probability, Random Variables and Stochas-
tic Processes, 4th ed. London: McGraw-Hill Europe, 2002.

[17] J.-F. Cardoso and A. Souloumiac, “Blind beamforming for non-Gaussian
signals,” Proc. Inst. Elect. Eng., F: Radar and Signal Process., vol. 140,
no. 6, pp. 362-370, Dec. 1993, doi: 10.1049/ip-f-2.1993.0054.

[18] A. Hyvérinen, “Independent component analysis: recent advances,”
Philosoph. Trans. Roy. Soc. A, vol. 371, no. 1984, pp. 1-19, Feb. 2013,
doi: 10.1098/rsta.2011.0534.

[19] M. Castella and P. Comon, “Blind separation of instantaneous mixtures
of dependent sources,” in Independent Component Analysis and Signal
Separation. ICA 2007. Lecture Notes in Computer Science, M. E. Davies,
C. J. James, S. A. Abdallah, and M. D. Plumbley, Eds., no. 4666.
Berlin, Heidelberg: Springer, Sep. 2007, pp. 9-16, doi: 10.1007/978-
3-540-74494-8_2.

[20] H. Cramér, Random Variables and Probability Distributions.
bridge: Cambridge University Press, 1937.

[21] A. M. Kagan, J. V. Linnik, and C. R. Rao, Characterization Problems
in Mathematical Statistics. New York: John Wiley & Sons, Inc., 1973.

[22] D. Dugué, “Analicité et convexité des fonctions caractéristiques,” Analles
de I’Institut Henri Poincaré, vol. 12, pp. 565-608, 1951.

[23] R. N. Bracewell, The Fourier Transform and its Applications, 3rd ed.
New York: McGraw-Hill, 1999.

[9]

Cam-



JOURNAL OF COMMUNICATION AND INFORMATION SYSTEMS, VOL. 33, NO.1, 2018.

[24]

[25]

[26]

(271

[28]

[29]

(30]

M. Babaie-Zadeh, “Darmois-Skitovic theorem and its proof,” Sharif
University of Technology, Jan. 2002. [Online]. Available: http:
/lee.sharif.edu/~bss/DarmoisTheorem.pdf

W. Feller, An Introduction to Probability Theory and Its Applications,
2nd ed. New York: John Wiley & Sons, Inc., 1971, vol. II.

E. J. Theis, “Uniqueness of complex and multidimensional independent
component analysis,” Signal Process., vol. 84, no. 5, pp. 951-956, May
2004, doi: 10.1016/j.sigpro.2004.01.008.

J. Eriksson and V. Koivunen, “Complex random vectors and ICA
models: identifiability, uniqueness, and separability,” [EEE Trans.
Inf. Theory, vol. 52, no. 3, pp. 1017-1029, Mar. 2006, doi:
10.1109/TIT.2005.864440.

A. Taleb and C. Jutten, “Source separation in post-nonlinear mixtures,”
IEEE Trans. Signal Process., vol. 47, no. 10, pp. 2807-2820, Oct. 1999,
doi: 10.1109/78.790661.

A. Kagan and J. Wesotowski, “An extension of the Darmois—Skitovitch
theorem to a class of dependent random variables,” Statistics & Proba-
bility Letters, vol. 47, no. 1, pp. 69-73, Mar. 2000, doi: 10.1016/S0167-
7152(99)00139-X.

G. Feldman, Functional Equations and Characterization Problems on
Locally Compact Abelian Groups (EMS Tracts in Mathematics, Vol. 5).
European Mathematical Society, 2008, doi: 10.4171/045.

157

Flavio R. M. Pavan was born in Curitiba, Brazil. He
received his B.Eng. degree in electrical engineering
with emphasis on telecommunications in 2014 and
his M.Sc. degree in electronic systems engineering
in 2016, both from Escola Politécnica of the Uni-
versity of Sdo Paulo (EPUSP). Currently, he is a
Ph.D. candidate at EPUSP. His research interests
include statistical signal processing and blind source
separation.

Maria D. Miranda was born in Floriandpolis,
Brazil. She received B.Sc. (1983) and M.Sc. de-
grees (1987) from Federal University of Santa Cata-
rina (UFSC), and Ph.D. degree (1996) from Escola
Politécnica of the University of Sdo Paulo (EPUSP),
all in electrical engineering. Currently, she is an
assistant professor in the Department of Telecom-
munications and Control Engineering of EPUSP. Her
research interests include statistical signal process-
ing, adaptive filtering theory and their applications.


http://ee.sharif.edu/~bss/DarmoisTheorem.pdf
http://ee.sharif.edu/~bss/DarmoisTheorem.pdf

	Introduction
	Paper organization
	Notation

	BSS problem formulation
	Statistical model for the sources
	Temporally independent and identically distributed sources
	Spatially independent sources
	BSS based on spatial independence

	Preliminary theorems
	Darmois-Skitovich theorem
	Applications to BSS
	Condition on the combined response matrix
	Source separability theorem
	Spatial whitening and separability

	Conclusions
	References
	Biographies
	Flávio R. M. Pavan
	Maria D. Miranda


