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PAPR Reduction and Performance Improvement in
OFDM Systems using WHT-based Schemes
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Abstract—Orthogonal frequency division multiplexing
(OFDM) is a robust and reliable multicarrier modulation
scheme that has proven to be adequate for broadband
communications. It is widely used in broadcasting and
broadband wireless and wireline systems. However, in scenarios
where the communication devices are power-limited, such as
mobile and satellite communications, OFDM has not been
massively used or even not used at all. For instance, OFDM is
used only in downlink of 4G networks, while the uplink uses
single carrier frequency division multiplexing. One of the main
culprits of this is the high peak to average power ratio (PAPR)
of the OFDM signal. Reducing the PAPR of the OFDM signals
is important for a large variety of application. Several PAPR
reduction techniques for OFDM have been proposed recently.
The aim of this paper is to present a tutorial about a set of
algorithms based on Walsh-Hadamard transform (WHT) for
reducing the PAPR of the OFDM symbols. We also propose
a new technique, named selective mapping based on WHT
without extended information (SLM-WHT-WEI), which does
not convey the explicit information to the receiver. We will
show that the approaches based on WHT can also improve the
OFDM symbol error rate performance over frequency-selective
channels. Different schemes based on the properties of the WHT
are presented and compared, assuming linear and non-linear
channels. The PAPR reduction performance analysis shows that
the PAPR can be effectively reduced while good performance
in terms of symbol error rate can be achieved even in severely
constrained channel conditions.

Index Terms—OFDM, PAPR, WHT, SLM, performance anal-
ysis.

I. INTRODUCTION

ORTHOGONAL Frequency Division Multiplexing
(OFDM) [1] is used in many telecommunication

standards. Wireless transmission systems, like some versions
of the Wi-Fi (Wireless Fidelity) [2], employ OFDM because
of its robustness against frequency-selective channels. DVB-T
(Digital Video Broadcasting-Terrestrial) [3] and ISDB-T
(Integrated Service Digital Broadcasting-Terrestrial) [4] also
use OFDM for providing high data throughput and flexible
configurations for digital television broadcasting. A multiuser
version of OFDM, called OFDMA (Orthogonal Frequency
Division Multiple Access) has been selected for the Long
Term Evolution (LTE) downlink [5] and WiMAX (Worldwide
Interoperability for Microwave Access) [6]. IEEE 802.22,
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proposed for wireless regional area networks [7], and IEEE
802.11p, developed for vehicle-to-vehicle communications
[8], also adopt OFDM in their physical layer (PHY). Lately,
OFDM-based waveforms are being considered for the 5th
generation of mobile communication (5G) [9].

OFDM became popular due to its low-complexity imple-
mentation based on fast Fourier transform algorithms (FFT)
and simple equalization performed in the frequency domain
[10]. However, OFDM has also disadvantages. Its high peak to
average power ratio (PAPR) [11] is an important drawback that
hinders its application in power-limited devices. As the number
of subcarriers increases, also grows the possibility of having
several subcarriers being constructively added, resulting in a
signal with high amplitude peaks in the time-domain. If such
resulting signals are transmitted through non-linear high power
amplifiers (HPA), as the ones used in satellite and mobile
phones, the high amplitude peaks will be compressed or even
clipped by the amplifier, leading to intermodulation, high out-
of-band emission (OOBE) and performance loss due to the
intercarrier interference (ICI) [12]. ICI can cause prohibitive
degradation of the symbol error rate (SER) performance and
increases adjacent channel interference [13]. Incrementing the
input power back-off (IBO) reduces the non-linear distortions,
but also reduces the amplifier power efficiency, which clearly
cannot be applied to energy-limited devices [14].

In order to avoid the problems introduced by the high
PAPR presented by OFDM signals, LTE employs single-
carrier frequency-domain-equalization (SC-FDE) [15] in the
uplink. The low PAPR presented by SC-FDE signals and its
good performance under time-variant and frequency-selective
makes this waveform suitable for mobile applications. How-
ever, although equalization in frequency-domain is an opti-
mal solution for OFDM, it is sub-optimal for single carrier
systems [16]. Another disadvantage presented by SC-FDE is
the high complexity on the receiver side, which might not be
affordable in applications such as Internet of Things [9]. Since
most candidates for future generation of mobile networks are
OFDM-based, the focus of this paper will be on solutions to
reduce the high PAPR of this waveform.

Digital signal processing techniques can be used to reduce
the OFDM PAPR and several algorithms have been proposed
in the literature [17]. These schemes can be divided into
two major groups: i) signal-distortion algorithms and; ii)
signal-scrambling algorithms. The algorithms presented in
the first group reduce the PAPR by introducing a known
and controllable distortion in the OFDM signal before the
amplification process. The main signal distortion algorithms
are clipping and filtering [18]–[21] and companding [22]–



JOURNAL OF COMMUNICATION AND INFORMATION SYSTEMS, VOL. 32, NO.1, 2017. 147

[24]. Signal-distortion algorithms can significantly reduce the
PAPR of the OFDM symbols, but they also introduce in-band
and out-of-band interferences that reduce the overall system
performance. The signal-scrambling algorithms, on the other
hand, reduce the PAPR without distorting the OFDM signal.
The main principle consists on mapping the data symbols to
a new domain, where the probability of the constructive sum
of the subcarriers is reduced. Selective Mapping (SLM) [25]–
[28], Partial Transmit Sequence (PTS) [29]–[33] and Walsh-
Hadamard Transform (WHT) [11], [34]–[39] are the most
well-known algorithms in this category.

With SLM algorithms, several different OFDM symbol are
created based on the same transmit data vector. Each of OFDM
symbol has a specific PAPR and the one with the lowest
PAPR is selected for transmission. The different mappings
are generated by multiplying the transmit data vector by a
set of U pseudo-random sequences. The PAPR reduction and
the complexity increment depend on the number of different
mappings that are generated. For large U , the probability
to transmit a symbol with low PAPR is higher, but it also
demands more IFFT blocks on the transmitter side. In addition,
the information about the chosen pseudo-sequence used in the
transmitter must be sent to the receiver. This explicit informa-
tion is an overhead that reduces the spectral efficiency and it
must be effectively protected against the channel impairments,
once an error on this information will result in a complete loss
of the OFDM symbol payload.

PTS algorithms employ a different approach for reducing
the OFDM PAPR. First, the N long data vector is segmented
into V different sub-blocks. Then, an N -point IFFT is applied
to each sub-block. After that, the phases of the V resulting
vectors of each sub-block are modified by a set of phase
rotation coefficients, where a set of candidate OFDM signals
is generated. A selector chooses the OFDM signal with lowest
PAPR to be transmitted and also inform the receiver which set
of phases has been used to produce the transmitted symbol.
As in SLM, an explicit information containing the set of phase
coefficients must be protected and transmitted to the receiver.
The main difference between SLM and PTS is that the former
applies independent phase rotations to each subcarrier, while
the latter applies the phase rotations to a group of subcarriers.

Walsh-Hadamard Transform (WHT)-based techniques are
the focus of this article. Besides reducing the PAPR, WHT-
OFDM can also improve the SER performance of OFDM
systems over linear frequency-selective channels [34]. WHT-
OFDM presents a weaker PAPR reduction capability when
compared with PTS and SLM [40]–[42], but it does not have to
convey explicit information to the receiver. Therefore, WHT-
OFDM has a higher spectral efficiency and is not exposed
to the risk of faulty explicit information. The main drawback
of WHT-OFDM is its high sensitivity to clipping distortions,
which can lead to prohibitive SER floors under non-linear
channels [43], [44]. Three modifications of the WHT-OFDM
have been proposed to mitigate this drawback without im-
pacting on the performance gain for linear frequency-selective
channels: i) SLM-WHT-OFDM [45]; ii) Double-WHT-OFDM
(DWHT-OFDM) [44] and; iii) SLM-DWHT-OFDM [46].

The main objective of this paper is to exploit the principles

and characteristics of these three above-mentioned WHT-based
techniques and extend the scheme in [45] in order to remove
the need to inform which WHT matrix has been used by the
transmitter to the receiver. This extended scheme is named
SLM-WHT-WEI (without extended information). The perfor-
mance, taking into account the PAPR reduction capability
and the SER performance over non-linear frequency-selective
channels, will be analyzed. The PAPR reduction capability
of each technique is measured using the Complementary
Cumulative Distribution Function (CCDF) and compared with
the conventional OFDM and WHT-OFDM systems. The SER
performance of each presented technique is also compared
with conventional OFDM and WHT-OFDM systems, taking
into account a non-linear frequency-selective channel. An HPA
model is considered to simulate the non-linear channel.

In this paper, the notation x, x and X represent a scalar, a
vector and a matrix, respectively. The nth element of a vector
x is denoted by x[n], and [X]n,m is the element in nth row
and mth column of X. The notation X represents the discrete
Fourier transform (DFT) of a vector x, while the matrix In is
the identity matrix of size n. 0i,j is a zeroed i by j matrix.
The Hermitian of a matrix is denoted by XH.

This paper is organized as follows: Section II describes
the signal model, highlighting the high PAPR of the OFDM
signals and its impact on the amplification process. Section III
shows the conventional WHT-OFDM principles, exploiting the
performance of the technique in terms of PAPR reduction and
SER for linear and non-linear frequency-selective channels.
Section IV presents SLM-WHT-OFDM and shows its perfor-
mance gain compared with conventional WHT-OFDM. Double
WHT-OFDM (DWHT-OFDM) is presented in Section V,
while the principles of SLM-DWHT-OFDM is exploited in
Section VI. Section VII brings the final comparisons among
all presented schemes. Finally, Section VIII summarizes the
conclusions of this paper.

II. SIGNAL MODEL

Consider a vector c with N complex symbols from an in-
phase and quadrature constellation, such as M -QAM. The
OFDM vector s carrying the symbol vector c is given by

s = FH
Nc , (1)

where FN is the N by N DFT matrix and s and c are the
vectors containing the samples of the sequences s[n] and c[n],
respectively.

A cyclic prefix (CP) with NCP samples are added to the
OFDM vector in order to avoid intersymbol interference (ISI)
between adjacent OFDM blocks due to channel dispersion [1],
leading to

s̃ =

[
0NCP,N−NCP INCP

IN

]
s . (2)

If the CP is longer than the channel impulse response h[n],
after removing the CP on the receiver side, the channel can
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be modeled using a circulant matrix H given by

H =



h0 0 0 · · · h2 h1
h1 h0 0 · · · h3 h2
...

...
...

. . .
...

...
hNch−1 hNch−2 hNch−3 · · · 0 0

0 hNch−1 hNch−2 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · h1 h0


. (3)

After the CP removal, the received vector y is given by

y = Hs+ v , (4)

where v is the additive white Gaussian noise (AWGN) vector
with power spectral density N0.

If the channel state information (CSI) is known by the
receiver, then the received vector can be easily equalized in
the frequency domain by taking a DFT on y, as follows:

FNy = FNHs+FNv = FNHFH
Nc+FNv = Hc+ V (5)

where V is the discrete Fourier transform of v and
H = FNHFH

N is a diagonal matrix containing the channel
frequency response.

The estimated received symbol is then obtained as:

ĉ = H−1FNy = H−1Hc+H−1V = c+H−1V . (6)

The simplicity and robustness against frequency selective
fading are the main reasons that made OFDM very popular
in digital communications standards. However, one of the
drawbacks of OFDM is the high PAPR of its transmitted signal
s. In fact, each element of the vector s can be modeled as:

s[n] =
1

N

N−1∑
k=0

c[k] exp

(
j2π

k

N
n

)
, (7)

where N is the number of subcarriers and n = 0, 1 . . . , N−1
and k = 0, 1 . . . , N − 1 are the time and subcarrier indexes,
respectively.

Assuming a large number of subcarriers (N ≥ 16) and
that the input symbols c[n] is a independent and identically
distributed discrete sequence with uniform distribution, then,
based on the central limit theorem, the amplitude of the OFDM
signal can be modeled as a complex Gaussian random variable
with variance 2σ2

s [47]. Although the mean value of the
OFDM symbol is equal to the data symbol transmitted on
the DC subcarrier (n = 0), which may, in fact, be chosen to
be c[0] ≡ 0, it is reasonable to model the OFDM symbol
as s = a + jb, where a and b are zero-mean Gaussian
random variables with variance σ2

s . Hence, s is a random
variable of the vector s defined by (1). It follows that the
magnitude envelope of the OFDM symbol, denoted by r, is
a Rayleigh distributed random variable [1] with probability
density function given by

pR(r) =
r

σ2
s

exp

(
− r2

2σ2
s

)
r ≥ 0 , (8)

where

E[r] = σs

√
π

2
and VAR[r] = σ2

s

(
2− π

2

)
. (9)

The PAPR of a signal is defined as the ratio between its
maximum instantaneous power within a given time frame and
its average power during that period. Therefore, the PAPR of
an OFDM symbol is given by

PAPR[s] =
max

[
|s|2
]

E
[
|s|2
] =

||s||2∞
2σ2

s

, (10)

where || · ||∞ is the L−∞ norm of a vector.
The complementary cumulative distribution function

(CCDF) of the PAPR is an interesting tool to evaluate the
behavior of the envelope of an OFDM symbol, once it provides
the probability of the PAPR be greater than a given threshold
x [48]. In [49], the authors have proposed an approximation
for the CCDF of the PAPR of a continuous-time OFDM
signal, stating that

P {PAPR[s(t)] > x} = 1− (1− e−x)αN , (11)

where s(t) is the continuous-time OFDM symbol, x is a given
PAPR threshold and α is an empirical value, denominated by
the oversampling factor, which is equal to 2.8 [49]. Fig. 1
shows the CCDF of the PAPR given by (11) considering
N = 512, 1024 and 2048, where it is possible to observe that
the PAPR increases with the number of subcarriers. According
with (11), the OFDM PAPR does not vary with the modulation
order M . Therefore, the results presented in Fig. 1 describe
the values of the PAPR of OFDM signals for any M -QAM
modulation scheme.
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x
}
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N = 2048

Fig. 1. Complementary cumulative distribution function of the PAPR of
the OFDM symbols for N = 512, 1024 and 2048 M -QAM modulated
subcarriers.

The analysis of the CCDF of the PAPR is fundamental
for evaluating the impact of a non-linear amplifier on OFDM
signals. Amplifiers are characterized by their power transfer
function (PTF) [50]. For an ideal amplifier, the PTF is a
straight line, whose slope is the power gain. The PTF of non-
linear amplifiers, on the other hand, is divided into a linear and
a non-linear region. The boundary between the two regions
is at the so-called “1-dB compression point” [51], which is
depicted in Fig. 2.
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Several models for the input-output relationship of non-
linear amplifiers are known. The one used in this paper is
based on the solid state power amplifier (SSPA) model [52].
According to this model, the envelope of the signal at the
output of the amplifier is given by

G [|x(t)|] = g0 · |x(t)|[
1 +

(
g0·|x(t)|
xsat

)2p] 1
2p

, (12)

where x(t) is the input signal, g0 is the amplifier gain, p is the
smoothness parameter for the transition between the linear and
non-linear regions and xsat is the maximum amplitude value
that the amplifier can provide at its output. This model was
used to obtain the non-linear PTF plotted in Fig. 2.
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Fig. 2. PTF for ideal and non-linear amplifiers, assuming normalized gain.
Parameters for the non-linear amplifier: xsat = 0.3162 , g0 = 1 and p = 3.

When the smoothness parameter p→∞, it means that there
is an abrupt transition from the linear to the non-linear region,
which is a pessimistic situation. This is assumed to be the case
in all simulations carried out in this paper in order to obtain
the worst case for the nonlinearity in the HPA.

The 1-dB compression point is the best operating point for
the amplifier in terms of power efficiency. However, OFDM
signals cannot operate at this point because the high peaks
of the signal will drive the amplifier to its non-linear region,
resulting in a severe clipping of these peaks. In order to prevent
this problem, one obvious solution is to introduce an input
back-off (IBO) that shifts the operating point well below the
1-dB compression point, as shown in Fig. 2.

The IBO is a power gain defined as

PIBO = 10 log

(
x2sat

E [|s(t)|2]

)
. (13)

The amplifier will not clip the transmitted signal when PIBO
is larger than the OFDM PAPR. The drawback of this approach
is the low energy efficiency achieved by the amplifier.

A trade-off between power-efficiency and clipping distortion
of the transmitted signal can be achieved using the CCDF
of the PAPR, presented in Fig. 1. For example, consider an

OFDM system with N = 1024 subcarriers and an (acceptable)
target clipping probability of 10−2. The PAPR curve in Fig. 1
indicates that an IBO of 12.5 in linear scale (or 11 dB in
logarithm scale) is necessary in order to avoid the desired level
of clipping. If an IBO of 17 in linear scale (or approximately
12 dB) is affordable, then the clipping probability can be
reduced to 10−4.

III. WHT-OFDM

A. The Walsh-Hadamard Transform

The WHT is an unitary transform that is used in a range of
practical applications [53]. The WHT employed in this paper
is based on the Sylvester matrix, also called natural-ordered
Hadamard matrix, or Walsh-Hadamard matrix, which can be
constructed as follows

WN =

[
WN/2 WN/2

WN/2 −WN/2

]
, (14)

where W1 = [1]. The matrix in (14) is considered to be a
Hadamard matrix since

WNWH
N = WH

NWN = N IN (15)

and all elements in W belongs to the set {−1, +1}. The
Hadamard matrix and its Hermitian are orthogonal to each
other, which also means that the columns or rows of the
Hadamard matrix are a set of orthogonal vectors. Notice that
the Hadamard matrix is symmetric [53].

The Hadamard matrix presented in (14) is used to perform
the WHT. In this transform, the elements of the data vector
c = [c0, c1, · · · , cN−1]T are linearly combined according to
the elements of the rows of W. Therefore, the WHT of the
data is given by

cw[n] =
1√
N

N−1∑
k=0

[WN ]k,n c[k] . (16)

The WHT can also be represented by matrix notation as

cw =
1√
N

WNc , (17)

while its inverse is given by

c =
1√
N

WH
Ncw =

1√
N

WNcw . (18)

B. WHT-OFDM

WHT and OFDM can be easily combined in order to reduce
the PAPR and improve the robustness against frequency-
selective channels [34]. In the WHT-OFDM, the data vector
c, obtained by mapping the bits vector b using a M -QAM
modulator, is applied to the WHT. The resulting coefficients
are transmitted using OFDM. On the receive side, after the
DFT, the data symbols are recovered applying the WHT on
the received coefficients. Fig. 3 shows the block diagram of
the WHT-OFDM communication chain.

In this case, the WHT-OFDM transmission vector is given
by

sw = FH
Ncw =

1√
N

FH
NWNc . (19)
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s̃w
M -QAM

b c
S/P

...
WHT
WN

...

IFFT
FH

N

sw “+”
CP

channel
h and v

yw
P/S ĉ b̂

P/S
...

“–”
CP S/P

...
FFT
FN

IWHT
WH

N

...
... Slicer

ỹw

Fig. 3. Block diagram of the WHT-OFDM communication chain.

A CP can be added to the transmitted WHT-OFDM symbol
to avoid the ISI under the time dispersive channel, as presented
by (1). On the receiver side, the received vector after the CP
removal is given by

yw = Hsw + v . (20)

Applying the DFT on the received signal and equalizing in
the frequency-domain allows one to recover the transmitted
coefficients affected by the channel and corrupted by the
AWGN. The recovered data symbols are obtained by applying
the inverse WHT to the recovered coefficients, which leads to

ĉ =
1√
N

WH
NH−1FNyw = c+

1√
N

WNH−1V . (21)

A slicer estimates the received bit vector b̂ based on ĉ.

C. PAPR of the WHT-OFDM signal

The linear combination induced by the Walsh-Hadamard
transform reduces the aperiodic correlation of the symbols at
the input of the IDFT block [54]. According with [55], a lower
correlation between the samples of the vector at the IDFT input
(cw) reduces the maximum PAPR value at the IDFT output
(sw). Therefore, as can be seen in Fig. 4, OFDM presents
higher PAPR when compared with WHT-OFDM. Notice that
the theoretical curve presented in Fig. 4 is given by (11), which
agrees with the computational simulation.

Since WHT-OFDM presents a smaller PAPR, this scheme
can be considered more suitable for applications based on
power-limited devices.
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Fig. 4. CCDF of PAPR of conventional OFDM and WHT-OFDM symbols.
N=2048 and 16-QAM.

D. WHT-OFDM SER over linear channels

According to (19), each subcarrier employed by the WHT-
OFDM carries a linear combination of all data symbols
presented in c. On the other hand, each subcarrier in OFDM
carries a specific data symbol from the vector c.

Therefore, if a frequency selective channel introduces a
strong attenuation in a given frequency band, the data transmit-
ted in the OFDM subcarriers corresponding to the attenuated
band are likely to be received with errors. With WHT-OFDM,
a narrow band attenuation introduced by the channel will
affect only the coefficient transmitted in the corresponding
subcarriers. Since the data symbols are spread over the entire
WHT-OFDM bandwidth, the loss of the coefficients in a subset
of the subcarriers will slightly affect all data symbols. If the
SNR is high enough at the receiver side, then, all data symbols
can be reliably recovered, improving the WHT-OFDM SER
performance in comparison with OFDM. On the other hand,
if the SNR available on the receiver side is low, the spreading
of the channel distortion might lead to a degradation in all
data symbols from c, leading to a poor SER performance.

The above-mentioned effect of the WHT can be seen as a
spreading (without bandwidth increase) of the data information
c in all OFDM bandwidth. Therefore, the WHT introduces
frequency diversity to the OFDM system. From (21), it is
possible to see that the WHT averages the diagonal matrix
channel frequency response, leading to an equivalent channel
matrix given by

Heq =
1√
N

WNH−1 . (22)

Once the inverse of a diagonal matrix is obtained by
inverting the elements of the main diagonal, the absolute value
of the equivalent channel frequency response is given by

Heq =

(
N−1∑
i=0

1

N |[H]i,i|2

)− 1
2

. (23)

Therefore, the WHT-OFDM SER performance over
frequency-selective channels can be directly adapted from the
SER performance over AWGN channel, where the SNR is
weighted by the equivalent channel gain, leading to

pe ≈
2(L− 1)

L
erfc

(√
3

2

|Heq|2
(M − 1)

Es

N0

)
, (24)

where M is the constellation order, L =
√
M , Es is the

average energy per data symbol, N0 is the noise spectral power
density and erfc(·) denotes the Gaussian complementary error
function.

Fig. 5 compares (24) with computational simulation re-
sults, assuming the following frequency-selective channels:
Extended Pedestrian A (EPA), Extended Vehicular A (EVA)
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and Extended Typical Urban (ETU) channel models, presented
in Table I [56], where τn and αn represent delay and gain of
the n-th channel path, respectively.

TABLE I
CHANNEL MODELS USED IN THE SIMULATIONS.

EPA EVA ETU
τn [ns] αn [dB] τn [ns] αn [dB] τn [ns] αn [dB]

0 0.0 0 0.0 0 -1.0
30 -1.0 30 -1.5 50 -1.0
70 -2.0 150 -1.4 120 -1.0
90 -3.0 310 -3.6 200 0.0

110 -8.0 370 -0.6 230 0.0
190 -17.2 710 -9.1 500 0.0
410 -20.8 1090 -7.0 1600 -3.0
— — 1730 -12.0 2300 -5.0
— — 2510 -16.9 5000 -7.0

Table II brings the parameters employed in the simulation
results presented in Fig. 5. Perfect channel estimation is
assumed.

TABLE II
SYSTEM PARAMETERS FOR THE SIMULATIONS.

PARAMETER VALUE
Number of subcarriers (N ) 2048

Modulation order (M ) 16
Cyclic prefix length 512
Sampling rate (Ts) 10 [ns]

From Fig. 5, it is possible to verify that the gain introduced
by the WHT depends on the channel model. The OFDM
SER performance variation introduced by the different channel
models is more pronounced than the one observed in the WHT-
OFDM SER performance . For instance, the performance
difference between the three channels observed for WHT-
OFDM at a SER of 10−5 is 7 dB. For OFDM, for the
same SER, there is a variation of 13 dB between EVA and
EPA channels. The spreading introduced by the WHT means
that the performance depends only on the average gain of
the channel impulse response, and not on the variation of
the channel response over the frequency, as is the case with
OFDM.

E. SER performance of WHT-OFDM over non-linear channels

As already shown, the coefficient transmitted by each WHT-
OFDM subcarrier is the linear combination of N data symbols.
This procedure reduces the PAPR, however, when a clipping
occurs in a component of the WHT-OFDM signal, the error
caused by this clipping is distributed to all data symbols,
increasing the distance between the expected and received
symbol. In order to verify this statement, let ε be the Euclidean
distance between the received and expected symbol, i.e.,
ε = ||ĉn − cn||2. Fig. 6 presents the probability of ε be
larger than a determined value ε0, P (ε > ε0). Notice that,
in Fig. 6, a comparison is made in terms of the CCDF of
the difference between the transmitted and received 16-QAM
symbols, assuming OFDM and WHT-OFDM over a non-linear
channel as characterized by Fig. 2.

Fig. 6 shows that errors below ε < 0.5 have a higher
probability of occurrence in conventional OFDM. However,
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this error does not lead to a wrong decision by the slicer,
since the minimum Hamming distance is 2. WHT-OFDM has
a higher probability of presenting errors above ε = 0.5, which
means that the non-linearities introduced by the channel are
more harmful to WHT-OFDM than to OFDM. Therefore,
the WHT-OFDM SER over non-linear channels presents a
high error floor, as can be observed in Fig. 7, where it
is also possible to notice that WHT-OFDM has a better
performance than OFDM only for small SNR more precisely
for 15dB < Es/N0 < 25dB. In this SNR range, the effect
of the channel selectivity is more pronounced than the effect
of the clipping. Therefore, the diversity introduced by WHT-
OFDM leads to a performance gain over OFDM. On the other
hand, the WHT-OFDM presents low SER performance than
conventional OFDM system when the clipping effect is more
evident than the fading effect. It occurs for Es/N0 > 25 dB
under the ITU-EVA channel.

The error floor introduced by the clipping in WHT-OFDM
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cannot be compensated by the diversity gain obtained by
spreading the information over several subcarriers. There-
fore, the WHT-OFDM is not recommended for non-linear
frequency-selective channels.

F. ZF versus MMSE Equalizer

As can be seen in (6) and (21), the received OFDM and
WHT-OFDM symbols, ĉ, are obtained using a zero-forcing
(ZF) equalizer [57]. However, it is worth mentioning that these
data symbols can be estimated using a minimum mean square
error (MMSE) equalizer [57]. In this case, the estimation of
the data symbols is given by

ĉ = HMMSE y , (25)

where y is the received vector and HMMSE is MMSE equal-
ization matrix, defined as

HMMSE =

(
AHA+

1

γ
IN

)−1
AH , (26)

where A is effective channel matrix, defined as A = HFH
N

for OFDM and A = HFH
NWN for WHT-OFDM.

Fig. 7 shows the OFDM and WHT-OFDM SER perfor-
mance in a non-linear frequency-selective channel using ZF
and MMSE. MMSE equalizer brings a small improvement for
WHT-OFDM in low SNR, where the frequency-selectiveness
of the channel is more relevant. For the OFDM scheme,
the SER performance remains the same, as expected. The
error-floor in both schemes does not change, because the
nonlinearity caused by the clipping cannot be solved with
neither the ZF or MMSE equalizers. Therefore, the choice of
the equalizer does not change the main conclusions about the
SER performance of the analyzed schemes, so, the others SER
performance results are obtained assuming that ZF equalizer
is employed.
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Fig. 7. OFDM and WHT-OFDM SER assuming ZF and MMSE equalizers
under linear and non-linear ITU-EVA channels.

IV. SLM-WHT-OFDM

Although WHT-OFDM is not a good choice for non-linear
frequency-selective channels, it is possible to increase its SER
performance under these conditions, while maintaining the
diversity gain. One approach that can be used to improve
the WHT-OFDM SER performance consists of applying the
selective mapping (SLM) combined with the WHT, leading
to SLM-WHT-OFDM [45] Fig. 8 depicts the communication
chain of this scheme.

Next subsections detail this technique.

A. SLM-WHT-OFDM

As mentioned in Section I, the SLM technique creates a
set of U signals that convey the same information, but, with
different characteristics. SLM-WHT-OFDM employs different
Walsh-Hadamard matrices to produce U different versions of
the WHT-OFDM symbol. These matrices can be obtained by
permuting columns of the original Walsh-Hadamard matrix.
Some examples are shown in (27), where W41 is the original
Walsh-Hadamard matrix and W42 is obtained by permuting
the first and second columns of W41 .

W41 =


+1 +1 +1 +1
+1 −1 +1 −1
+1 +1 −1 −1
+1 −1 −1 +1



W42 =


+1 +1 +1 +1
−1 +1 −1 +1
+1 +1 −1 −1
−1 +1 +1 −1


. (27)

It is important to observe that the permutations of the
columns of WN still preserve the orthogonality properties
between rows and columns of the new matrices [58], since
these matrices are also Hadamard matrices because (15) is
still respected.

Therefore, as in SLM schemes, the SLM-WHT-OFDM
technique uses U < N different matrices to create U versions
of the WHT-OFDM symbol, each one with different statistics.
A selector chooses the signal with lower PAPR among the set
of U generated signals, as depicted in Fig. 8. Therefore, the
SLM-WHT-OFDM transmission signal can be expressed by

swmin = argmin
u∈{1,2···U}

{
PAPR

[
1√
N

FH
NWNuc

]}
, (28)

where WNu is the uth version of the Walsh-Hadamard matrix.
Here, a CP is also used to protect swmin, resulting in s̃wmin.
The matrix used to generate the symbol with lower PAPR
must be known by the receiver. Therefore, a robust link must
be used to carry the index Imin that indicates which matrix has
been used on the transmission side.

Let’s ỹw be a noisy and corrupted version of s̃wmin on the
receiver side. The estimated data symbols are obtained after
removing the CP, applying the FFT and the inverse WHT
using the proper Walsh-Hadamard matrix identified by Imin,
as depicted by Fig. 8.

Clearly, the complexity increment of the SLM-WHT-OFDM
is restricted to the transmitter side, since the receiver side
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Fig. 8. Block diagram of the SLM-WHT-OFDM communication chain.

implements the same procedures employed by the WHT-
OFDM scheme.

B. PAPR of the SLM-WHT-OFDM signal

SLM-WHT-OFDM has a small PAPR compared with con-
ventional OFDM and WHT-OFDM, as can be seen in Fig. 9,
assuming the values presented in Table II.
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Fig. 9. CCDF of the PAPR assuming OFDM, WHT-OFDM and SLM-WHT-
OFDM for U = {4, 8 and 12}.

Again, high values of U increases the probability of finding
a SLM-WHT-OFDM symbol with low PAPR, but it also
increases the transmitter complexity and the amount of explicit
information to be transmitted as overhead.

On the receiver side, only one FFT and a single WHT must
be computed for each SLM-WHT-OFDM symbol. Therefore,
the increment in the receiver complexity is negligible when
compared with conventional WHT-OFDM receivers.

C. SLM-WHT-OFDM SER performance under linear channels

SLM-WHT-OFDM achieves the same diversity gain ob-
served for WHT-OFDM over frequency-selective channels, as
can be seen in Fig. 10.

As shown in Fig. 10, SLM-WHT-OFDM SER performance
over linear channels is not affected by U and, therefore, (24)
can be used to estimate the SER performance of this scheme.
It means that SLM-WHT-OFDM also spreads the information
over all subcarriers, allowing the receiver to harvest diversity
gain over frequency-selective channels.
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Fig. 10. SLM-WHT-OFDM SER performance under linear frequency-
selective channels.

D. SER performance of the SLM-WHT-OFDM under non-
linear channels

Since SLM-WHT-OFDM has considerably smaller PAPR
compared with WHT-OFDM, the probability of having a
clipped signal is also significantly reduced. Therefore, SLM-
WHT-OFDM outperforms OFDM and WHT-OFDM over non-
linear frequency selective channels, as can be seen in Fig. 11
for different values of U and the parameters presented in
Table. II.
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Fig. 11. OFDM, WHT-OFDM and SLM-WHT-OFDM SER under non-linear
ETU channel.

Fig. 11 shows that the SLM-WHT-OFDM error floor is
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lower than the other schemes, as expected. Also, SLM-WHT-
OFDM SER performance improves as U increases, although
the performance gain obtained in Fig. 11 is marginal when
varying U from 4 to 8. This means that U can be chosen as
a trade-off between complexity increment on the transmitter
side and SER performance under non-linear channels.

E. SLM-WHT-OFDM without explicit information

The transmission of the explicit information is a drawback
of the SLM-OFDM schemes, since it reduces the spectrum
efficiency and might lead to a loss of an entire SLM-OFDM
symbol when this information is received erroneously on the
receiver side. In order to avoid these problems, we propose a
new scheme named SLM-WHT-OFDM Without Explicit Infor-
mation (WEI). In this scheme, the index Imin is not transmitted
to the receiver. A correlation between the received signal and
all possible WHT matrices is used as metric to discover the
matrix employed by the transmitter. The matrix that leads
to the higher correlation index is used to retrieve the data
symbols. This procedure increases the receiver complexity,
since U Walsh-Hadamard transform need to be performed in
order to identify the matrix WNu used by the transmitter.
Therefore, while the SLM-WHT-OFDM receiver performs
only one WHT, the SLM-WHT-WEI receiver performs U +1
WHTs, where U WHTs are performed for identifying the
correct matrix used by the transmitter and one WHT is
performed to recover the data symbols. Fig. 12 shows the
block diagram of the procedure used to identify the correct
matrix employed by the transmitter.
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ĉU

S
e
el
c
t
o
r

∑
N |[ĉ1]n|∑
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Fig. 12. Block diagram employed on the receiver side to identify the Walsh-
Hadamard matrix used by the transmitter.

Hence, the estimated index of the matrix employed on the
transmitter side is given by

Imin = argmax
u∈{1,2···U}

{
N−1∑
n=0

∣∣[WH
NuFNyw

]
n
|

}
. (29)

Fig. 13 shows the SLM-WHT-WEI SER performance under
non-linear frequency-selective ETU channel. Notice that the
SLM-WHT-WEI performs as SLM-WHT-OFDM. Therefore,
SLM-WHT-WEI keeps the same performance in terms of
SER under non-linear channels as SLM-WHT-OFDM, but it
eliminates the need for transmission of the side information,
increasing the overall system spectrum efficiency. Also, this
modification does not affect the PAPR performance. Therefore,
the PAPR CCDF for the SLM-WHT-OFDM-WEI scheme
equals the PAPR CCDF obtained for the SLM-WHT-OFDM.

V. DWHT-OFDM

As shown in Section IV, the SLM-WHT-OFDM scheme has
lower PAPR and equivalent SER performance under non-linear
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Fig. 13. SER for conventional OFDM, WHT-OFDM and SLM-WHT-WEI
with different values of U under non-linear ETU channel.

channels when compared with OFDM. The cost of using such
technique is the complexity increment of the transmitter and,
in the case of SLM-WHT-OFDM-WEI, also of the receiver.
A solution to overcome this issue, based on applying different
WHT on the real and imaginary parts of the QAM data
symbols, was presented in [44]. This proposed scheme does
not aim for PAPR reduction, and only improves the SER
performance under non-linear channels, eliminating the high
SER error-floor. Fig. 14 depicts the block diagram of the
Double WHT-OFDM (DWHT-OFDM) communication chain,
while next subsections bring more details about this approach.

A. The Double WHT-OFDM system

Clipping the WHT-OFDM signal leads to the SER error
floor under non-linear channels. The DWHT-OFDM scheme
increases the robustness against clipping since the real and
imaginary parts of the data symbol are spread through the
subcarriers using different matrices obtained by permuting the
columns of the Walsh-Hadamard matrix [44], as presented in
(27).

Let WN1 and WN2 be two Walsh-Hadamard matrices with
different columns permutations. The DWHT can be defined as

cw =
1√
N
{(WN1

)<e(c) + j (WN2
)=m(c)} , (30)

while the Inverse DWHT is given by

ĉ =
1√
N

{(
WH

N1

)
<e(cw) + j

(
WH

N2

)
=m(cw)

}
. (31)

As in the conventional WHT-OFDM, the coefficients ob-
tained by (30) are applied to an OFDM scheme for trans-
mission under the non-linear multi-path channel, as shown in
Fig. 14.

It is worth mentioning that the DWHT-OFDM and WHT-
OFDM computational complexities are equivalent. In practice,
WHT consists on two matrices product between real and
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imaginary parts of the data vector and the conventional Walsh-
Hadamard matrix. In the DWHT-OFDM, the same procedure
is required, however, using different matrices for the real and
imaginary parts of the data vector.

B. DWHT-OFDM PAPR analysis

The DWHT-OFDM PAPR performance equals the one ob-
served for conventional OFDM, as can be seen in Fig. 15.
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Fig. 15. PAPR CCDF for conventional OFDM, WHT-OFDM and DWHT-
OFDM.

Clearly, this schemes does not bring any advantage in terms
of PAPR when compared with OFDM.

C. DWHT-OFDM SER performance under linear channels

Once again, (24) can be used to estimate the DWHT-OFDM
SER performance over linear channels, which means that
DWHT-OFDM achieves the same diversity gain observed in
conventional WHT-OFDM, as can be seen in Fig. 16.

D. DWHT-OFDM SER performance under non-linear chan-
nels

As mentioned previously, this scheme aims for improving
the robustness of the WHT-OFDM signal against the clipping
introduced by the non-linear channel, while keeping the di-
versity gain collected under linear channels, by decreasing the
modulation error caused by the signal clipping.

Fig. 17 compares the modulation error CCDF introduced by
clipping in OFDM, WHT-OFDM and DWHT-OFDM symbols.
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Fig. 17. Modulation error CCDF for OFDM, WHT-OFDM and DWHT-
OFDM schemes assuming a non-linear channel.

As can be seen, OFDM and DWHT-OFDM achieve the
same modulation error CCDF, while WHT-OFDM under per-
forms the other two schemes.

Fig. 18 compares the SER performance of OFDM, WHT-
OFDM and DWHT-OFDM under a non-linear ETU channel.
As expected, the DWHT-OFDM outperforms WHT-OFDM,
showing that the use of two different matrices performing
independent WHTs in the real and imaginary components
culminates in a more robust system against non-linearities.
Also, the DWHT-OFDM outperforms the conventional OFDM
system in the region where 12 < Es/N0 < 35 dB. For
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this particular SNR range, the channel frequency-selectivity
is more harmful than clipping for the SER performance.
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Fig. 18. SER performance for OFDM, WHT-OFDM and DWHT-OFDM
under non-linear ETU channel.

Therefore, DWHT-OFDM can provide robustness for the
WHT-based OFDM system against the non-linearities, while
maintaining the diversity gain harvested in linear channels.

VI. SLM-DWHT-OFDM
As already seen in Section V, DWHT is an interesting

solution for improving SER performance under linear and non-
linear frequency-selective channels. However, DWHT-OFDM
has high PAPR, like OFDM. On the other hand, SLM allows
for a significant PAPR reduction, but without increasing the
SER performance in frequency-selective channels. By com-
bining these two approaches, it is possible to achieve low
PAPR and harvest the frequency diversity gain simultaneously.
The SLM-DWHT-OFDM [46] achieves this goal, as will be
presented in the following.

A. SLM-DWHT-OFDM principles

Fig. 19 depicts the SLM-DWHT-OFDM transmitter. As in
DWHT-OFDM, this scheme uses a set of different Walsh-
Hadamard matrices obtained by permuting the columns
of WN . However, in this case, a set of U matrices
[WN1

;WN2
; · · · ;WNU

] are previously defined and two ma-
trices WNf

and WNg
are chosen to spread the real and

imaginary parts of the data symbol. The vector cwu
originated

of this DWHT is applied in the block that computes the IFFT,
generating the signal in time-domain sw. A selector calculates
the PAPR of sw and compares it with the maximum allowed
PAPR (PAPRmax). If the sw PAPR is lower than PAPRmax,
this signal is transmitted with the indexes corresponding to the
both matrices (Iw). If the sw PAPR is higher than PAPRmax a
new pair of Walsh-Hadamard matrices is selected to generate a
new vector cwu . This process is repeated until a PAPR smaller
than PAPRmax is obtained or all U2 possible combination of
matrices is reached. In this last case, the signal with smallest
PAPR is transmitted.
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Fig. 19. Block diagram of the SLM-DWHT-OFDM transmitter.

On the receiver side, the indexes Iw are used to select the
two matrices in order to perform the IDWHT. From this point
on, the SLM-DWHT-OFDM receiver operates exactly as the
DWHT-OFDM receiver. The number of bits used to transmit
the explicit information in the SLM-DWHT-OFDM scheme is
given by

Nc =
⌈
log2

(
U2
)⌉

. (32)

B. SLM-DWHT-OFDM PAPR analysis

The PAPR CCDF of the SLM-DWHT-OFDM symbols
is shown in Fig. 20, assuming the parameters described in
Table II.
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Fig. 20. CCDF PAPR for OFDM, WHT-OFDM and SLM-DWHT-OFDM
with different values of U and PAPRmax.

From Fig. 20, it is possible to notice that SLM-DWHT-
OFDM is able to considerably reduce the PAPR of the
transmitted signal. The achieved PAPR depends on the number
of available matrices U and the maximum tolerable PAPR
(PAPRmax).

Typically, the number of interactions necessary to achieve
PAPRmax increases as the maximum tolerable PAPR reduces,
as can be seen in Fig. 21, where the probability mass function
of the number of necessary iterations to transmit a given SLM-
DWHT-OFDM symbol with acceptable PAPR is shown.

Fig. 21 shows that, for this example, approximately 50% of
the SLM-DWHT-OFDM symbols are transmitted in the first
iteration when a high PAPRmax is acceptable and, when the
requested PAPR is low, all possible combinations are tried
out and the symbol with lowest PAPR (typically larger than
the specified one) is transmitted in amost 95% of the cases.
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Fig. 21. Number of necessary iterations until transmitting a SLM-DWTH-
OFDM symbol.

Table III shows the average number of interactions necessary
to achieve a given PAPR with U = 4 and U = 8.

TABLE III
AVERAGE OF NUMBER OF ITERATIONS TO ACHIEVE THE DESIRED PAPR

FOR A SLM-DWHT-OFDM SYMBOL.

PAPR
5 6 7 8

U = 4 16.00 15.42 6.28 2.02
U = 8 64.00 54.91 1.77 2.04

Clearly, the complexity of the SLM-DWHT-OFDM trans-
mitter depends on the choice of parameters U and PAPRmax.
According to the results shown in the Table III, one can notice
that for U = 4 and PAPRmax = 7, in average, 6.28 iterations
are necessary to obtain an SLM-DWHT-OFDM symbol. In
other words, is necessary to calculate 6.28 DWHTs and
IFFTs until the SLM-DWHT-OFDM symbol is transmitted.
Therefore, the complexity of the transmitter SLM-DWHT-
OFDM is will depend on the average number of iterations,
while the receiver complexity equals the complexity to the
DWHT-OFDM receiver.

C. SLM-DWHT-OFDM SER performance under linear chan-
nels

The SLM-DWHT-OFDM performs as the DWHT-OFDM
or SLM-WHT-OFDM under linear channels. Therefore, (24)
can be used to estimate the SER performance of this scheme.
Since a plot for the SLM-DWHT-OFDM SER performance
will be equal to Figs. 10 and 16, the performance curves for
this scheme will be omitted.

D. SER performance of SLM-DWHT-OFDM over non-linear
channels

Fig. 22 shows the SLM-DWHT-OFDM SER performance
under a non-linear frequency-selective channel and compares

it with SER performance of conventional OFDM and WHT-
OFDM, assuming the parameters shown in Table II. It is also
assumed that PAPRmax = 8. One can observe from Fig. 22
that SLM-DWHT-OFDM improves the system performance
under non-linear channels. The number of different Walsh-
Hadamard matrices U does not significantly affect the overall
SER performance.
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Fig. 22. Symbol error rate of conventional OFDM, WHT-OFDM and SLM-
DWHT-OFDM over non-linear EVA channel.

Fig. 23 compares the SLM-DWHT-OFDM SER perfor-
mance with the performance obtained by OFDM and WHT-
OFDM assuming PAPRmax = 6. Clearly, when PAPRmax
is more restrictive, the SLM-DWHT-OFMD error-floor de-
creases. Furthermore, higher values of U will increase the
probability of finding a symbol with lower PAPR below the
requested value, at the cost of higher transmission latency and
a lower spectral efficiency due to the explicit information.
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VII. FINAL COMPARISONS
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In this section, all schemes described in this paper are
compared. Firstly, Fig. 24 brings a comparison in terms of the
CCDF of the PAPR of the discussed schemes. It is possible to
notice that conventional OFDM and DWHT-OFDM has pre-
sented the highest PAPR values, while WHT-OFDM scheme
presents approximately 2 dB improvement over OFDM. SLM-
WHT-OFDM with U = 8 matrices has presented a significant
PAPR reduction when compared with OFDM. The best PAPR
reduction has been achieved by SLM-DWHT-OFDM scheme
with U = 8 and PAPRmax = 6. Table IV qualitatively
summarizes this comparison.
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Fig. 24. Comparison of the PAPR CCDF of OFDM, WHT-OFDM, SLM-
WHT-OFDM and SLM-DWHT-OFDM.

Fig. 25 compares the SER performance of the schemes
described in this paper under non-linear channel. WHT-OFDM
has presented the highest error floor. DWHT-OFDM improves
the SER performance compared with WHT-OFDM, but it still
presents an error floor above conventional OFDM. SLM-WHT-
OFDM and SLM-WHT-OFDM-WEI with U = 8 outperforms
OFDM and the best SER performance among all analyzed
schemes is achieved by SLM-DWHT-OFDM with U = 8 and
PAPRmax = 6. Again, Table IV qualitatively compares the
SER performance of the considered schemes, assuming a non-
linear channel. This table also compares the transmitter and
receiver complexities and it lists the schemes that requires the
explicit information on the receive side.

VIII. CONCLUSIONS

OFDM is largely employed in several wireless standards
due its high spectrum efficiency and simple implementation
based on fast Fourier transform algorithms. However, OFDM
symbols present hihg PAPR, which limits theuse of this
technique in power limited applications. Moreover, clipping
introduced by the non-linear power amplifier leads to spectrum
regrowth and high SER.

Using WHT jointly with OFDM presents two major advan-
tages: i) the reduction in the PAPR symbols and ii) a better
SER performance under linear frequency-selective channels.
However, the SER performance of the WHT-OFDM under
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Fig. 25. Comparison of the OFDM, WHT-OFDM, SLM-WHT-OFDM and
SLM-DWHT-OFDM SER performance under non-linear ETU channel.

non-linear channels is poor. This performance can be improved
by employing the DWHT-OFDM but, in this case, without
reducing the PAPR. The DWHT brings the benefits of the
Walsh-Hadamard transform for the OFDM systems, even
when the channel is non-linear with a small increase in the
complexity.

On the other hand, SLM-WHT-OFDM can be used to reduce
the PAPR while keeping the performance gain introduced by
WHT. With the WEI modification introduced to SLM-WHT-
OFDM, which is an original contribution of this paper, no
explicit information needs to be sent to the receiver, improving
the system spectrum efficiency at the cost of higher complexity
on the receiver side.

Finally, the SLM-DWHT-OFDM presents complementary
benefits of the SLM and DWHT for OFDM systems oper-
ating in non-linear frequency-selective channels. The SLM
technique reduces the PAPR, while the DWHT increase the
performance in frequency-selective channels and, moreover,
decreases the sensibility of the signals against the clipping.
The main drawback of this technique is the higher transmitter
complexity.

Therefore, OFDM systems employing WHT-based algo-
rithms to reduce the PAPR and increase the SER perfor-
mance under non-linear and frequency selective channels is
an interesting solution for employing multicarrier waveform
in application where the transmit signal is likely to lead the
amplifier to the non-linear operation.

As a future work, it is interesting to compare these proposed
WHT-based schemes with other pre-coding OFDM techniques.
Other uniform transforms based on Fourier Matrix, constant
amplitude zero auto-correlation (CAZAC) matrix, discrete
Hartley matrix, among others, that can be used as pre-coding
instead of WHT matrix used in this paper. Interesting SER
performance and PAPR reduction might be achieved by us-
ing different matrices, also with impacts on transmitter and
receiver complexities.
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TABLE IV
FINAL COMPARISONS AMONG ALL PRESENTED SCHEMES IN TERMS OF THE MAIN METRICS.

PAPR Error-floor
(SER)

Complexity Explicit
InformationTx Rx

OFDM High Moderate Very low Very low No
WHT-OFDM Moderate High Low Low No
SLM-WHT-OFDM Low Low High Low Yes
SLM-WHT-WEI Low Low High High No
DWHT High Moderate Low Low No
SLM-DWHT-OFDM Very Low Very Low Very High Moderate Yes
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