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Unsaturated Throughput Analysis of IEEE 802.11
DCF Under η − µ Fading Channel

Heber Rabelo da Silva, Rafael Augusto Pedriali, and Elvio João Leonardo

Abstract—This letter investigates the throughput performance
of the IEEE 802.11 DCF protocol in unsaturated traffic con-
ditions, taking into account the signal capture with incoherent
addition of interfering signals, and channel fading following the
η− µ model. A set of numerical results on the performance of the
protocol is presented. The results show the adjustment flexibility
of the proposed channel model and establishes the parameter µ
as the one responsible for the coarse adjustment of the channel,
while the parameter η defines the fine adjustment.

Index Terms—Wireless communication, IEEE 802.11 DCF,
Throughput, Capture Effect, η − µ fading.

I. INTRODUCTION

THE most successful existing commercial implementation
of a Wireless Local Area Networks (WLAN) is specified

by the IEEE 802.11 standards, which in recent years has
grown considerably, making it essential for the connectivity
of mobile users. The IEEE 802.11 protocol defines the proce-
dures and services required from the stations, ensuring that
all stations have access to the shared medium through the
Medium Access Control (MAC) and Physical Layer (PHY)
functions [1]. The standard establishes as access mechanisms
the Distributed Coordination Function (DCF) and, optionally,
the Point Coordination Function (PCF). The PCF assumes an
architecture with centralized control, while the DCF operates
in an ad hoc mode. This work is restricted only to the
mandatory mechanism, i.e., the DCF. The main objective of
the DFC, which is based on the Carrier Sense Multiple Access
with Collision Avoidance (CSMA/CA) scheme, is to perform
the data transfer between stations with reduced number of
collision or even avoiding them altogether, when the stations
are contending for access to the shared medium.

The modeling of the IEEE 802.11 DCF has been extensively
studied since the appearance of protocol. The analytical model
proposed by Bianchi [2] is a precursor; it uses a Markov
modeling of the DCF mode and objectively it can be used
to evaluate the saturated throughput for both packet transmis-
sion techniques, i.e., 2-way handshake, also known as Basic
Access, and 4-way handshake, also known as Request-to-
Send/Clear-to-Send (RTS/CTS) access mechanism. For this
modeling, it is assumed also a finite number of stations, ideal
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channel, i.e., error-free channel, and constant and independent
collision probabilities for each station.

Several works extended the model presented by Bianchi,
the most significant are in [3]–[10]. In [3] the authors propose
the DCF+, a scheme compatible to DCF, to evaluate the
performance of the Transmission Control Protocol (TCP) in
WLANs by using an implicit channel reservation mechanism.
This reservation is performed with a modification in the
Acknowledgement (ACK) duration field, thus turning it into
an implicit RTS. This new mechanism is analyzed as an
extension to Bianchi’s model, assuming the same hypothesis
as to consider a limit on the number of retransmissions and
to establishing a maximum size for the contention window
(CW). In [4], [5] the authors assume that while the channel
remains busy, the backoff counter remains frozen. However,
in [4] it is considered that a particular station can access the
medium without activating the backoff after the station has
performed a successful transmission. In [6], [7] the authors
investigate the saturation throughput in a propagation channel
prone to errors due to transmission failures. However in [7]
the authors consider the saturated traffic based on the IEEE
802.11a protocol, admitting ACK frames loss due to channel
errors, whereas in [6] the lost of ACK frames is disregarded.
In [8] the authors evaluate the performance of IEEE 802.11
DCF protocol considering unsaturated traffic and ideal trans-
mission channel, thus expanding the Bianchi modeling with
the addition of an idle state in the two-dimensional Markov
chain. In [9] the authors extend the work presented in [8]
including non-ideal transmission, capture effect of the received
signals and a Rayleigh fading channel. In [10] the authors
extend the analytical model presented in [9] considering the
fading channel modeled by the Hoyt, Rice and Nakagami-m
distributions.

In real conditions, the propagated signal degrades during
its path. This fading has random characteristics, and therefore
the received signal needs to be modeled using a statistical
approach; this statistical model is represented by the Proba-
bility Density Function (PDF) and the Cumulative Distribution
Function (CDF).

In this letter, the channel throughput of the IEEE 802.11
DCF is evaluated. This work extends the results previously
mentioned and it is performed assuming a scenario prone to
errors, unsaturated traffic conditions and signal capture effect
with incoherent addition of the interfering signals under η − µ
fading model [11].

The rest of the letter is organized as follows. Section
II presents the analytical model for the IEEE 802.11 DCF.
Section III discusses the throughput performance of the IEEE
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802.11 protocol, while Section IV presents the η − µ fading
model. The numerical results and conclusions are presented in
Sections V and VI, respectively.

II. ANALYTICAL MODEL

The IEEE 802.11 provides two methods of access to the
medium: a distributed method, mandatory, named DCF; and
a centralized method, known as PCF, noting that these two
methods may coexist. DCF uses a 2-way handshake technique
to packet transmition, also known as Basic Access and a 4-way
handshake technique, known as RTS/CTS access mechanism.

In the 2-way handshake mechanism, each station, before
starting the transmission of a packet, checks the activity of the
channel; if the channel remains idle for a period of time at least
equal to the Distributed Inter Frame Space (DIFS), the packet
is transmitted immediately; if the channel is sensed busy, the
station waits a random amount of time which is called backoff
time and it is expressed in terms of an integer number of time
slots, and chosen within the range [0,CWi − 1], where CWi

is the size of the contention window at stage i, i = 0, ...,m;
while in backoff stage, the station decrements the backoff time
counter only if it senses the channel idle; it then tries to
transmit as soon as the counter reaches zero. The receiving
station, on successfully receiving the packet sent, sends a
short ACK frame to confirm the successful transmission. In
case of transmission failure (collision or channel error), the
transmitting station increments the backoff stage i, doubles the
contention window (CWi = 2iCWmin, i = 0, ...,m and CWmin

being the initial contention window size when i = 0) and
waits until the backoff counter reaches zero again in order to
attempt a new transmission. This cycle is completed when the
packet is received, or the maximum number of retransmissions
is reached.

In the 4-way handshake mechanism, when the medium is
sensed idle for a DIFS, an RTS frame is sent by the trans-
mitting station to the receiving station requesting permission
to transmit. The receiving station replies with a CTS frame,
which means that the channel is reserved and transmission
can start. If the CTS is not received by the transmitter, a
failure is assumed and a retransmission is scheduled using
the exponential backoff algorithm explained earlier. The time
between RTS, CTS, data and ACK frames is defined as the
Short Interframe Space (SIFS).

The operation of the IEEE 802.11 DCF considered in the
present work has been modeled by a Markov chain in [9],
and aims to provide equal access of the shared medium for
all stations. The model assumes that collisions and channel
errors are statistically independent events which occur with
probabilities Pcol and Pe, respectively. Therefore, a packet is
successfully transmitted if neither collision nor channel errors
occurs. Thus, a successful transmission occurs with probability
Ps = (1− Pcol)(1− Pe), while the probability of transmission
failure is given by Peq = Pe + Pcol − PcolPe.

III. THROUGHPUT ANALYSIS WITH CAPTURE EFFECT

The propagation of radio signals suffers from fading, which
will be addressed later, and from interference from other

sources that are using the same channel or frequency. A num-
ber of different interfering signals may combine at the receiver
antenna, producing either coherent or incoherent addition.

Coherent addition occurs if the carriers have the same
frequency and the phase fluctuations are insignificant during
a given time interval tw . The conditions for coherent addition
to occur in real networks are uncommon, and therefore will
be disconsidered in this work.

For incoherent addition, the random phase fluctuations
are significant due to the mutually independent modulation
of each signal. Thus, assuming that a component i of the
interfering signal at the receiver antenna is described by the
phasor xi (t) = Re{ri (t)e j[ωc t+φi (t)]} in which ri (t), φi (t) are
the random envelope and phase, respectively, and ωc is the
carrier’s angular frequency, the power observed during the
evaluation period is a sum of powers of individual signals wi ,
i.e., wn(t) =

∑n
i=1 xi (t)x∗i (t) =

∑n
i=1 wi (t), in which subscripts

i and n are used to represent the individual and aggregated
variables, respectively, and x∗i (.) is the complex conjugate of
phasor xi (.).

In the wireline medium, a transmission is considered suc-
cessful if there is no signal overlap at the receiver. However, in
wireless networks the receiver can be captured by a test packet
even with overlapping transmissions if the power ratio between
the desired signal ws and the joint interference signal (resulting
from n interfering station) wn is greater than a given threshold
z0 during a given period of time tw to lock the receiver [10],
with 0 < tw < t, in which t is the packet transmission time.

Since only packets for which the power ratio is above the
capture threshold can be received, it is considered that, for the
packet not to be captured, i.e., destroyed, the ratio ws/wn ≤ z0
during tw for n > 0. Evidently both z0 and tw are established
based on modulation techniques and signal encoding employed
by the network, which is outside the scope of the present work.

In wireless channels, propagated signals are usually mod-
elled with random behavior. In such a case the capture effect is
explored through the signal-to-interference ratio (SIR) which
is expressed by

Z ,
Ws

Wn
≥ 0, (1)

in which Ws ≥ 0 is the desired signal power, and Wn ≥ 0 is
the interference signal power.

Considering Ws and Wn as statistically independent random
variables, the PDF of the ratio Z can be expressed as [12]

fZ (z) =
∫ ∞

0
y fZWs

(zy) fZWn
(y)dy, (2)

in which fZWs
(.) and fZWn

(.) are the PDFs of the desired
signal power and the interference power, respectively. The
CDF is expressed as [12]

FZ (z0) = Prob
{

Ws

Wn
≤ z0

}
=

∫ z0

0
fZ (z)dz. (3)

Analyzing (3) one may notice that the CDF defines the power
ratio between the desired and the interference signals falling
below the capture threshold (z0), i.e., a situation in which
the test packet can not be received. Hence, if the number
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of actively interfering stations is set ot n, the conditional
probability of capture may be expressed by

Pcapt (z0 |n) = 1 − FZ (z0). (4)

Assuming an environment with N stations generating at most
n − 1 interfering packets, the unconditional probability of
capture of a packet is defined as [9]

Pcapt (z0) =
N−1∑
n=1

(
N

n + 1

)
δn+1(1 − δ)N−n−1Pcapt (z0 |n), (5)

in which δ is the probability that a station starts a transmission
in a randomly chosen time slot and it is calculated in the
following paragraph. Assume that the time between packet
arrivals is exponentially distributed and its average value
expressed by 1

λ , in which the parameter λ represents the
offered load related to each station. Therefore, a stochastic
Poisson process is used as traffic model and the probability
that there is at least one packet waiting transmission in the
buffer is given as [9]

q = 1 − e−λE {St s }, (6)

in which E{Sts } is the expected time per slot and it is
calculated later in this section.

From the analysis of events and stationary transition prob-
abilities of the Markov chain model proposed in [9] and
adopted in [10], the following set of nonlinear equations can
be obtained:




Pt = 1 − (1 − δ)N

Ps =
Nδ(1−δ)N−1+Pcapt (z0)

Pt

Pcol = 1 − (1 − δ)N−1 − Pcapt (z0)
E{Sts } = (1 − Pt )σ + Pt (1 − Ps)Tc + PtPs (1 − Pe)Ts

+PtPsPeTe

δ =
2(2Peq−1)q

2(q−1)(Peq−1)(2Peq−1)−q[1−2Peq−CW (P(1+(2Peq )m )−1)],

(7)
in which Pt the probability that at least one transmission
occurs in a given time interval, Ps the conditional probability
that a successful transmission occurs, Pcol is the probability
that a packet collision occurs, Tc is the time spent when a
channel error occurs due to collision, Ts is the time spent when
a successful transmission occurs, and Te is the time spent when
a channel error occurs. Thus, the system throughput is defined
by [9]

S =
PtPs (1 − Pe)E{PL}

(1 − Pt )σ + Pt (1 − Ps)Tc + PtPs (1 − Pe)Ts + PtPsPeTe
,

(8)
in which σ is the time of idle channel, E{PL} defines the
average packet payload length, and the average times for the
2-way handshaking transmission mechanism are calculated as
[9]




Tc = H + PL + ACKtimeout,

Ts = H + PL + SIFS + 2τ̃ + ACK + DIFS,
Te = H + PL + ACKtimeout,

(9)

in wich H is the combined PHY and MAC headers duration, τ
is the worst case propagation delay and τ̃ = τ/t its normalised
version.

IV. ANALYTICAL RESULTS FOR η − µ FADING MODEL

The η − µ fading model contemplates a non-line-of-sight
(NLOS) environment, in which the resulting signal is com-
posed by n sets of reflected waves propagating in inhomoge-
neous environment [11]. The resultant signal envelope PDF is
expressed by

fR (r) =
4
√
πµµ+

1
2 hµr2µ

Γ(µ)Hµ− 1
2 r̂2µ+1

exp
(
−2µh

r2

r̂2

)
Iµ− 1

2

(
2µH

r2

r̂2

)
,

(10)
in which Γ(.) is the Gamma function [13, Eq. 6.1.1], Iv (.)
is the modified Bessel function of the first kind and order v

[13, Eq. 9.6.10], and r̂ =
√

E{r2} is the root mean square
value (rms) of r . Assuming the Format 1 defined in [11],
η > 0 is the power ratio between the scattered waves in-
phase and quadrature components of each set of multipath
waves and µ = E2 {r2 }

V {r2 }
1+η2

(1+η)2 , in which E{.} and V {.} are the
expectation and variance operators, respectively. Given that
H/h = (1 − η)/(1 + η), then

h =
(1 + η)2

4η
and H =

1 − η2

4η
. (11)

The η − µ model is a general fading distribution and includes
the Nakagami-m, Rayleigh and Hoyt distributions as special
cases. Using the standard approach to calculate the ratio of
random variables as described by (2) and replacing (10) in
(2), the PDF of the random variable Z is given by

fZ (z) =

∞∫
0

16πµµx+
1
2

x µ
µy+

1
2

y hµxx hµyy y2µx+2µy+1z2µx

Γ(µx )Γ(µy ) x̂2µx+1 ŷ2µy+1H
µx−

1
2

x H
µy−

1
2

y

× exp
[
−2µxhx

x̂2 (zy)2
]

exp
(
−2µyhy

ŷ2 y2
)

× Iµx− 1
2

[
2µxHx

x̂2 (zy)2
]

Iµy− 1
2

(2µyHy

ŷ2 y2
)

dy.

(12)

Using [14, Eq. 8.445] and [16] to expand in series the second
Bessel function in (12), changing the integration variable to
t = y2, and changing the integration order, then the PDF can
be expressed as

fZ (z) =
∞∑
i=0

∞∫
0

8πµµx+
1
2

x µ
2µy+2i
y hµxx hµyy H2i

y tµx+2µy+2i− 1
2 z2µx

i!Γ(µx )Γ(µy )Γ(µy + 1
2 + i) x̂2µx+1 ŷ4µy+4iH

µx−
1
2

x

× exp
[
−2µxhx z2

x̂2 t
]

exp
(
−2µyhy

ŷ2 t
)

Iµx− 1
2

[
2µxHx z2

x̂2 t
]

dt .

(13)

Solving the integral and after some algebraic manipulations,
using [14, Eqs. 8.331.1, 8.335.1, 8.384.1], [15, Eqs. 2.15.3.2]
and [16] thus the final expression is obtained

fZ (z) =
2u2µx z4µx−1

hµxx hµyy (1 + uz2)2µx+2µy

×

∞∑
i=0

1
(i + µy )B(µy, i + 1)B(2i + 2µy, 2µx )

[
Hy

hy (1 + uz2)

]

×2 F1


i + µx + µy, i + µx + µy +

1
2
, µx +

1
2
,

(
Hx

hx

uz2

1 + uz2

)2
.

(14)
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in which B(.) is the Beta function [13, Eq. 6.2.2], 2F1(.) is
the Gauss hypergeometric function [13, Eq. 15.1.1] and

u =
µxhx ŷ

2

µyhy x̂2 . (15)

Assuming incoherent addition of the interfering signals,
where the interfering signal is composed of n independent and
identically distributed (i.i.d.) signals, the CDF of the random
variable Z , defined in (3), can be expressed by

FZ (z) =

z∫
0

∞∫
0

16πµµx+
1
2

x µ
µy+

1
2

y hµxx hµyy y2µx+2µy+1t2µx

Γ(µx )Γ(µy ) x̂2µx+1 ŷ2µy+1H
µx−

1
2

x H
µy−

1
2

y

× exp
[
−2µxhx

x̂2 (ty)2
]
× exp

(
−2µyhy

ŷ2 y2
)

× Iµx− 1
2

[
2µxHx

x̂2 (ty)2
]

Iµy− 1
2

(2µyHy

ŷ2 y2
)

dydt .

(16)

Using [14, Eq. 8.445] to expand in series the first Bessel
function in (16), changing the integration variable to w = t2,
and changing the integration order, then the CDF can be
expressed as

FZ (z) =

∞∑
i=0

∞∫
0

z2∫
0

8πµ2µx+2i
x µ

µy+
1
2

y hµxx hµyy H2i
x w2µx+2i−1y4µx+2µy+4i

i!Γ(µx )Γ(µy )Γ(µx + 1
2 + i)H

µy−
1
2

y x̂4µx+4i ŷ2µy+1

× exp
[
−2

(
µxhx

x̂2 w +
µyhy

ŷ2

)
y2

]
Iµy− 1

2

(2µyHy

ŷ2 y2
)

dwdy,

(17)

by using [13, Eqs. 6.1.22, 6.5.3, 6.5.4, 6.5.29], [14, Eqs.
8.335.1, 8.356.3], [15, Eqs. 1.3.2.3, 2.15.3.2], [16] and some
algebraic manipulations for solving the double-integral in (17),
a final expression is obtained as

FZ (z) =

(uz)2µx

hµyy (1 + uz)2µx+2µy

∞∑
i=0

(uz)i

(i + 2µx )B(i + 2µx, 2µy )(1 + uz)i

× 2F1



i
2
+ µx + µy,

i
2
+ µx + µy +

1
2
, µy +

1
2
,

(
Hy

hy

1
1 + uz

)2
×

{
1 − 1

icB(ic,µx )hµx
x

(
Hx

hx

)2ic
2F1

[
1, ic + µx, ic + 1,

(
Hx

hx

)2]}
,

(18)

in which ic = d i+1
2 e, d.e is the Ceiling function.

For a interference-limited scenario over η−µ fading channel,
with a restriction on the value of the µ parameters for the
interference signals, i.e., whenever that the µy parameter
assume a positive integer number, a closed-form expression
for the CDF is obtained in [17].

In [18] the authors extend the results previously reported
in [17] and considers scenarios with background noise. For
this, admits a limited scenario, wherein for either of the
desired signals or components of the interfering signals, the
µ parameters assumes the integer values. Therefore, the CDF
derived in [18] is valid for the constraints of the µ parameters,
and expressed in terms of elementary functions.

Because of restriction of the parameters µ in [17] and [18],
the derivations does not include the Hoyt model, therefore
does not directly applies the formulations this work. Although
in practice these limitations are not always available, with
minor restrictions in arbitrary values of the µ parameters, this
expression can be used as limits for real estimates.

TABLE I
TYPICAL PARAMETERS - IEEE 802.11B DSSS MAC AND PHY LAYER

packet payload 8160 bits channel bit rate 1 Mbp/s
MAC header 272 bits propagation delay (τ̃) 1 µs
PHY header 192 bits time slot (σ) 20 µs
ACK frame 304 bits SIFS 10 µs
RTS frame 160 bits DIFS 50 µs
CTS frame 112 bits ACK timeout 300 µs

m 5 CWmin 8

V. NUMERIC RESULTS

Using results from this and from previous sections, it is now
possible to evaluate the throughput of the IEEE 802.11 DCF
under η − µ fading environment, assuming 2-way handshake
transmission mechanism, unsaturated traffic and capture effect
with incoherent addition of the interfering signals. The equa-
tions described in (5), (7), (8) and (18), added to the network
parameters listed in Table I, led to the results expressed in
Figs. 1, 2, 3, 4 and 5. Although the parameters listed in Table
I are specified for the IEEE 802.11b protocol, other values
may be used for the assessment of any protocol with similar
MAC layer.

The Figs. indicate the behavior of the throughput S as
a function of the packet generation rate λ. Basically, the
behavior depicted in the Figs. divides the throughput into
two regions: a growing region, represented by S as a linear
function of λ, and a saturation region, with S almost constant.
The transition between these two regions often occurs with a
peak, which becomes more evident as the number of stations
increases.

For the η − µ fading model considered in the Figs., the
results for various values of η = ηs = ηn, µ = µs = µn, τ̃
and Pe are presented. Also, consider the normalized capture
threshold z̃0 , z0/(ws/wn) in which ws and wn are average
values of Ws and Wn, respectively, and the ratio ws/wn is
commonly denoted as average SIR.

For the purpose of illustration, Fig. 1 presents a scenario
with N = 4 stations, with η parameters fixed in 0.5 and µ
variable. Analyzing the curves, it can be seen that curves 1,
2 and 6 have the same parameters, except that curve 1 has
no channel error (it is set to 10% in curves 2 and 6), and the
capture threshold is set to 24 dB in curve 6 (it is set to 6 dB
in curve 1 and 2). Curves 2 to 5 present the variation in µ
between 0.1 and 3.5 and show that the throughput is directly
proportional to the increase of µ. Curves 2 and 6 show the
influence of z̃0 on the channel throughput; when the value of
z̃0 grows from 6 to 24 dB, the channel throughput decreases.
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Fig. 1. Throughput for the IEEE 802.11 DCF with 2-way handshake
mechanism, incoherent addition of interference signals η − µ channel, with
four stations contending for the medium.

In Fig. 2 a scenario with N = 4 stations is considered,
in which the µ parameter is fixed at 0.5 and η is variable.
The highlighted area presents the behaviour on the channel
throughput for the curves 1 to 4. Examining the highlighted
area allow us to verify slight variations in throughput for the η
parameter varying between η → 1 and η → 0, which leads to
the conclusion that the parameter η defines the fine adjustment
of the channel.
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Fig. 2. Throughput for the IEEE 802.11 DCF with 2-way handshake
mechanism, incoherent addition of interference signals η − µ channel, with
four stations contending for the medium.

In Fig. 3 scenarios with N = 4, N = 10 and N = 20
stations are considered. It is possible to see the influence
experienced by the channel throughput when changing the
number of stations and with varying η and µ parameters.
Curves 4, 6 and 9 use the same parameters for N = 4, N = 10
and N = 20, respectively. Thus, it can be noticed that the
channel throughput is inversely proportional to the number
of stations; and the linear growing region presents a stronger
growth for higher values of the number of stations N .
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Fig. 3. Throughput for the IEEE 802.11 DCF with 2-way handshake
mechanism, incoherent addition of interference signals η − µ channel, with
three different numbers of stations contending for the medium.

In Fig. 4 a scenario with N = 4 stations is considered, in
which the µ parameter is set to 3.5 for curves 1 and 6, while
the η parameter varies from η → 1 and η → 0; in the other
curves the parameters η and µ adjusted so that the η−µ model
reduces to traditional fading models such as Hoyt, Rayleigh
and Nakagami-m.
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Fig. 4. Throughput for the IEEE 802.11 DCF with 2-way handshake
mechanism, incoherent addition of interference signals η − µ channel, with
four stations contending for medium. The highlighted area show traditional
models such as Hoyt, Nakagami-m and Rayleigh.

In Fig. 5 presents a scenario with N = 20 stations, with η
and µ parameters fixed at 0.9 and 0.5, respectively. Curves 1
to 6 demonstrate the channel throughput under influence of
several capture thresholds z̃0. The highlighted region shows
that for the range of z̃0 between 6dB and 24dB the channel
throughput is inversely proportional to the capture threshold.
Curves 1 to 4 show even greater fluctuations in the channel
throughput, while the curves 5 and 6 the influence of the z̃0
in the channel throughput becomes less expressive.
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Fig. 5. Throughput for the IEEE 802.11 DCF with 2-way handshake
mechanism, incoherent addition of interference signals η−µ channel, with four
stations contending for the medium and capture thresholds varying between
z̃0 = 6dB and z̃0 = 24dB

VI. CONCLUSION

In this letter, the throughput of the IEEE 802.11 DCF
protocol is investigated.

The analytical model presented in [9] was extended by using
the generalized η−µ fading model. Because of the flexibility of
the η− µ distribution, adjusting the parameters η and µ allows
that a number of different propagation scenarios be considered,
with the potential of representing more realistically the real
propagation channel. The results show that the parameter µ
is responsible for the coarse adjustment of the channel, while
the parameter η defines the fine adjustment.

The Markov modeling used in this work, as well as the
analytical model and its formulations have been fully validated
by simulation in [9]. The statistical model used in the fading
of signals does not influence the proposed traffic model. The
η − µ fading model adopted in the capture effect extends the
work [9], [10] and is fully validated by numerical integration
techniques.
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