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Abstract - In this paper, we consider a space-time coded sys­

tem consisting of a rate R = 1/n linear convolutional en­

coder over GF(p), p a prime, followed by n mappers from
 
GF(p) into a p-ary signal constellation, and by a transmitter
 
~.':ith n transmit antennas. At each time, the n p-ary coded
 
symbols are transmitted simultaneously from the n antennas.
 
The convolutional codes are designed to provide the best er­

ror performance in the quasi-static, flat Rayleigh fading chan­

nel, according to the rank and the determinant criteria de­

rived by Tarokh et al. A spectral efficiency of log] (p) b/s/Hz
 
:, achieved. Simple conditions on the generator matrices of
 
a rate R = 1/2 convolutional code are given so that maxi­

mum diversity advantage is guaranteed. The linear structure
 
of these convolutional codes reduces significantly the com­

puter search effort with respect to the determinant criterion.
 
In this regard, some properties of reciprocal STC's are de­

rived. New space-time codes with two transmit antennas are
 
presented for the 5-PSK and 7-PSK modulations, with spec­

tral efficiencies 2.32 and 2.81 b/s/Hz, respectively. Simula­

tion results in the form of frame error rate versus signal-to­

noise ratio are reported for these codes, showing agreement
 
with the theoretical results.
 

Keywords: Diversity, fading channels, multiple transmit an­

tennas, space-time convolutional codes, wireless communi­

cations.
 

Resumo - Neste trabalho consideramos urn sistema codifica­

do espacio-ternporal composto por urn codificador convolu­

donal linear de taxa R = l/n sobre GF(p), onde p e pri­

mo, seguido de n mapeadores de sfrnbolos em GF(p) para
 
uma constelacao de sinais p-arios e de urn transmissor con­

tendo n antenas transmissoras. Em cada instante de tem­

po, os ti simbolos p-arios codificados sao transmitidos si­

multaneamente atraves das n antenas. Os codigos convolu­

cionais sao projetados para proporcionar 0 melhor desem­

pe~ de eno em urn canal com desvanecimento Rayleigh
 
plano quase-estatico, de acordo com os criterios do posto e
 
do deterrninante derivados por Tarokh et al. Uma eficiencia
 
espectral de log] (p) b/s/Hz e alcancada, Restricoes simples
 
impostas as matrizes geradoras de urn codificador convolu­

cional de taxa R = 1/2 sao apresentadas para garantir ganho
 
de diversidade maximo. A estrutura linear destes codigos re-
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duz significantemente 0 esforco da busca computacional com 
relacao ao criterio do determinante, Nesta direcao, algumas 
propriedades de STC reciprocos sao demonstradas. Novos 
codigos espacio-temporais com duas antenas transmissoras 
sao apresentados para as modulacoes 5-PSK e 7-PSK com 
eficiencias espectrais de 2.32 e 2.81 b/s/Hz, respectivamente. 
Resultados de simulacoes na forma de taxa de erro de frame 
versus relacao sinal-nndo sao apresentados e estao de acordo 
com os resultados teoricos. 

Palavras-chave; Diversidade, canais com desvanecimen­
to, rmiltiplas antenas transmissoras, codigos convolucionais 
espacio-temporais, comunicacoes sem fio. 

1. INTRODUCTION 

In a recent wave of information theoretic results, Telatar 
[1], Foschini and Gans [2], and Marzetta and Hochwald [3] 
have demonstrated that the capacity of wireless communi­
cations systems employing multiple antennas is noticeably 
greater than the capacity of single-antenna systems for fad­
ing channels. Motivated by [1] and [2], Tarokh et al. [4] in­
troduced the so-called "space-time coding," whereby redun­
dancy is placed in an appropriate way across space (trans­
mit antennas) as well as time to achieve coding and trans­
mit diversity advantages simultaneously. Space-time coding 
has rapidly become the most accepted technique for provid­
ing reliable communications over fading channels employing 
multiple transmit antennas. 

A remarkable result derived in [4] is that for the quasi­
static, flat Rayleigh fading channel the best space-time codes 
(STC) may be obtained by optimizing two design criteria, 
namely, the rank criterion and the determinant criterion. 
Some STC for two transmit antennas for the 4-PSK and 8­
PSK modulations were provided in [4]. The STC presented 
in [4], and those presented subsequently in [5, 6], were ei­
ther hand designed or found by exhaustive computer search. 
The main difficulty for designing STC is that the two afore­
mentioned criteria apply to the complex field of baseband 
modulated signals rather than a discrete domain (e.g., the bi­
nary Galois field) in which the underlying codes could be de­
signed. Recently, important papers providing general design 
procedures of STC were written by Hammons and El Gamal 
[7,8], by Blum [9, 10]. and by Grimm et. al. [6]. In [7, 8], 
general binary rank criteria (in substitution to the complex­
based rank criteria) were developed that are simpler and yet 
sufficient to guarantee that the associated STC achieve maxi­
mum diversity for any number of transmit antennas. Results 
are valid for the BPSK and QPSK modulations. Blum's pa­
pers deal with binary convolutional codes that serve as STC. 
Necessary and sufficient conditions are given in [9, 10] for the 
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STC to achieve maximum diversity gain. Also, Blum devel­
oped methods for calculating and bounding the coding gain 
(related to the determinant criterion). In [6] the design rules 
proposed in [4] for the case of two transmit antennas are gen­
eralized to the multiple antennas case through the concept of 
"zeros symmetry". In all the previous papers, the underlying 
codes were either binary or over an extended binary field. 

In this paper, an alternative design procedure for achieving 
diversity and coding advantages is presented. We consider a 
space-time coded system consisting of a rate R = lin linear 
convolutional encoder over GF(p), where p can be any prime 
number, followed by a serial-to-parallel converter, n mappers 
from GF(p) into a p-ary signal constellation (not necessar­
ily PSK), and a transmitter with n transmit antennas. This 
approach differs from those in the papers referenced above 
in that here the coded symbols are in one-to-one correspon­
dence to the signals from the constellations. This makes the 
code design and the code search much easier to cope with. A 
spectral efficiency of log2(p) b/s/Hz is achieved. Such non­
integral rates may be useful to serve a wider range of mul­
timedia applications. Although the case of multiple trans­
mit antennas can be considered (by means of Grimm's "ze­
ros symmetry"), we specialize in this paper to the case of 
two transmit antennas. Simple conditions on the generator 
matrices of a rate R = 112 convolutional code are given 
so that maximum diversity advantage is guaranteed. Under 
these conditions, and due to the linear structure of the con­
volutional codes, the computer search effort with respect to 
the determinant criterion is dramatically reduced. In this re­
gard, some properties of reciprocal STC's are derived. New 
space-time codes with two transmit antennas are presented 
for the 5-PSK and 7-PSK modulations, with spectral efficien­
cies 2.32 and 2.81 b/s/Hz, respectively. 

This paper is organized as follows. The space-time sys­
tem model and the two design crireria for the quasi-static, flat 
Rayleigh fading channel as presented in [4] are summarized 
in Section 2. In Section 3, space-time convolutional codes 
(STCC) over GF(p) are introduced, and sufficient conditions 
on the generator matrices of a rate R = 1/2 convolutional 
code are given so that maximum diversity advantage is guar­
anteed. Some examples of new STCC over GF(5) and GF(7) 
with encoder memories 1 and 2, and some properties of re­
ciprocal STC's are presented in Section 4. Simulation results 
in the form of frame error rate versus signal-to-noise ratio are 
reported, in Section 5, for these codes for m = 1,2,3 re­
ceive antennas. The corresponding coding and diversity ad­
vantages are verified, in agreement with the theoretical results 
presented in Section 3. Finally, in Section 6 we draw some 
final comments. 

2. SYSTEM MODEL 

We consider a communication system employing 11 trans­
mit antennas and m receive antennas, as shown in Fig. 1. 

At the transmitter, data is first encoded by a rate R = lin 
convolutional encoder over GF(p), p a prime, whose output 
is divided into 11 parallel streams. These streams are mapped 
into a p-ary signal constellation and transmitted simultane­
ously from the 11 antennas. A space-time system has been 

Transmit Receive 
Antennas Antennas 

o
 

Figure 1. Space-time system model. 

modeled by Tarokh et. al. [4] in sucha way that the signal 
received by the jth antenna at time t, d~, is given by 

n 

dj ~ i;'::;-E +. j (1)t = L °UCt V s Tit 
i=l 

where d is the signal transmitted from the ith antenna at 
time t., Es is the average energy of the transmitted signal, 
ril is a zero-mean complex white Gaussian noise with vari­
ance N o/2 per dimension, and aU denotes the fade present 
in the path from the ith transmit antenna to the jth receive an­
tenna. Under the Rayleigh fading assumption, the fades a i,j, 
for 1 ::; i ::; nand 1 ::; j ::; 177, are modeled as indepen­
dent samples of a zero-mean complex Gaussian random pro­
cess with valiance 0.5 per dimension. In practice, to achieve 
independent fades the antennas must be separated by a few 
wavelengths. For the quasi-static, flat-fading channel, it is 
assumed that the path fades remain constant during a frame 
and change independently from one frame to another. Also, 
assume the receiver perfectly knows the channel state infor­
mation (i.e., the a's) and that the Viterbi algorithm with the 
Euclidean metric is used in the decoder. 

2.1 DESIGN CRITERIA 

In this section, we briefly review the derivation of the 
design criteria for slow Rayleigh fading channels [4]. For 
the system in Fig. I, and described by (1), the conditional 
pairwise error probability, defined as the probability that a 
maximum-likelihood decoder decides erroneously in favor of 
codeword 

when the correct codeword is: 

given a fixed set of fades, can be approximated by: 

. - 1 .) . - 1 ') )P(c ----+ e Iai,j, Z - ,~, ..• , n, J - , -, ... , nz (2) 
::; exp(-d2 (c ,e)Es / 4N o) 

where d2 (c, e) is the square Euclidean distance between the 
sequences c and e, and is given by: 
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After some algebraic manipulations, (3) can be written as: 

rn 

d2(c, e) = 2:)ljA(c, e)S1f. (4) 
j=l 

where f!j = (aLj,a2,j, ... ,Ct".j) and {A(c,e)}p'J = 

L~= 1(ef - ef)(ci - ei)* , for 1 ::; p, q ::; n. Here the Hermi­
tian transposition is denoted by H and the complex conjugate 
by *. Note that the matrix A( c, e) is Hermitian and can be 
factored as B(c, e)B(c, e)H, where 

')	 .)e1- c1 )<: ez
B(c,e) ~ ( ~! ::~! 

e~' -	 cl e2 - c2 ei ~ cl' 
is a square root of matrix A( c, e). According to [11], if a ma­
trix A with a square root B is Hermitian then the eigenvalues 
of A( c, e) are non-negative real numbers. 

Now, we write d2 (c , e) in terms of the eigenvalues of the 
matrix A(c, e). From linear algebra [11], for each Hermitian 
matrix A there exists a unity matrix 1/ and a real diagonal 
matrix D = diag()I1,A2,' .. ,An) such that 1/AITH = D, 
where (A1, A2' , An) are the eigenvalues of A (c, e). Defin­
ing (Pl.j ,B2 •j , , B",j) = nj V* , we arrive after some alge­
braic manipulation at the following expression for the upper 
bound in (2): 

II
rn

e::cp(-(EsI4IVo) LAi 18ul 2
) . (5) 

j=l i=l 

Since the Cti./S are modeled as independent samples of a 
zero-mean complex Gaussian random process with variance 
0.5 per dimension, and V is unitary, then the ,8i ,/ s are also 
independent zero-mean complex Gaussian random variables 
with variance 0.5 per dimension. Therefore, we can calculate 
the average value of (5) and obtain, after some simplifications 
based on the large signal-to-noise ratios assumption, an upper 
bound on the average pairwise error probability, given by: 

where, is the rank ofthe matrix B(c, e) and Ai, i = 1, ... .r 
are the nonzero eigenvalues of A (c, e). " Based on (6), Tarokh et. al. [4] arrived at two design crite­
ria for the quasi-static, fiat Rayleigh fading channel, namely, 

•	 The Rank Criterion.' In this criterion the parameter to 
be maximized is the minimum rank r of matrix B( c, e), 
over all distinct pairs of codewords c and e. It is said that 
this is an r-space-tirne code. The diversity advantage is 
rrti ::; tun; with equality at full rank condition, that is, 
T = n. 

•	 The Determinant Criterion: For a given diversity ad­
vantage rm; the goal of this criterion is to maximize the 
minimum geometric mean of the nonzero eigenvalues 
of the matrix A(c, e), (A1A2 ... Al)~' over all distinct 
pairs of codewords c and e. This represents the coding 
gain. 

Figure 2. Rate 1/2 convolutional encoder over GF(p). 

In the next section we derive conditions on the generator 
matrix of a rate R = 1/2 convolutional code so that maxi­
mum diversity advantage, as presented in Section 2, is guar­
anteed for the corresponding 2-space-time codes. 

3.	 SPACE-TIME CONVOLUTIONAL 
CODES OVER GF(p) 

Let U(D) = Uo + U1D +u2D2 + ... be the polynomial 
over GF(p), p a prime, representing a data sequence. This se­
quence is encoded by a rate R = lin convolutional encoder 
over GF(p), which is the direct realization of the polynomial 
generator vector: 

producing the encoded vector 

V(D) = U(D)G(D) = [v1(D), F 2(D), ... , V"(D)] , 

where Fi(D) = va + viD + V~D2 + ... + v~Dt + ... , 
for i = 1, 2 ... ,n, are the n encoded sequences. The code 
generators are Gi(D) = go" +guD+ g2.iD2 ... +gK"Dh" , 
for i = 1, 2 ... , n, where I\ is the memory of the encoder. 
An example of a rate 1/2 convolutional encoder over GF(p) 
is shown in Fig. 2. 

At each time i; a data symbol from GF(p) produces a block 
of n symbols from GF(p) denoted by (vi, v;, ... ,vr). Re­
garding the space-time system model in Fig. I, these sym­
bols are mapped into a p-ary signal constellation, as indicated 
in Fig. 3 for the 5-PSK and 7-PSK constellations. The n 
complex symbols, (c£, c;, ... ,cr), are then transmitted by 
the n antennas. A sequence of blocks (c£, CZ, ... , C~'), for 
t = 1,2, ... , I forms a codeword C ofthe space-time code. 

From now on, we shall focus our attention on the case of 
n = 2 transmit antennas. Thus, according to Tarokh's design 
criteria, the code search should aim at finding the "full rank" 
code C that maximizes the minimum determinant 

l 1 12 2* 1 1 2 2 )det L (ei - Ci , ei - Ci) (e, - c; , e; - Ci) , 0)
( 

1=1 

over all pairs of codewords c and e, where * denotes complex 
conjugate. In the following, we explore the algebraic struc­
ture of the convolutional codes and present some guidelines 
to guarantee the full rank condition, yielding a reduced 
complexity code search. 
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Lemma 1 Consider a rate R = 1/2 convolutional space­
time code over GF(p), p a prime, with a generator matrix 

hG(D) = 9.l.lD + ... + gh,l D ]T
h_1[ gO,2 + ... + gh-12 D 

where gJ-,~,l I- a and gO,2 I- O. Then, 1) all branches in the 
code trellis departing from the same state coincide in the first 
symbol and differ in the second symbol, and :7) all transitions 
arriving at the same state coincide in the second symbol and 
differ in the first symbol. 

Proof We shall use the fact that, for field elements u, 
u', and g: 

U . 9 = u' . 9 ::::} u = Vi, (8) 

and 
(i·gl-ul.g ::::} vI-vi. (9) 

To prove 1), let us consider the current state as being 0' s = 

[U1, ... ,UI,]1. When uo(f) is the input symbol, the state 
transition is o , --" O'f = [uoU), U1,"" ·lLI,C-1]. Since 
gO.l = 0, the coded symbol corresponding to the first antenna 
will be given by: 

h-1 
1 v =	 L up' gp,l + u« . gh,l, (10) 

p=l 

which is a constant in GF(p) that does not depend on u 0 (f), 
but on 0' s' This shows that the first symbol of all branches 
departing from the same state are equal. Now for the same 
state transition O's ----+ 0' L: since gK,2 = 0, the symbol corre­
sponding to the second antenna will be given by: 

h-1 
2 v = uo(f)· gO,2 + L vp ' g/-,2 = uo(f)' gO,2 + V2, (11) 

p=l 

where V2 is a constant in GF(p). Thus, in GF(p), v 2 will be 
different for different values of Uo (f). 

To prove 2), let us consider the final state as being 0' f = 

[uo, U 1, ... , U tc -1]. Then, for the state transition 0' s = 

[U1,"" U h-1, uIds)] --" O'f, the symbol corresponding to 
the first antenna is given by: 

1 v = 
K

L
-1 

u p·gp,l+ u d s)·gK,l = 1/1+ u h (S) ·gK,1, (12) 

11=1 

where V1 is a constant in GF(p). So, in GF(p), v 1 will be dif­
ferent for different values of u K (s). For the same transition 
a; --" 0' [> the symbol corresponding to the second antenna 
will be given by: 

h-1 
2 Uo (13) 

p=l 
v = ' gO,2 + LV/-I .9,,2, 

which is a constant in GF(p) that does not depend on U tc (s), 
only on 0' f. This completes the proof. • 

I Note that here we drop the index t used in Fig, 2 for the sake of simplic­
ity, 
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Figure 3. Constellations 5-PSK (a) and 7-PSK (b). 

Theorem 1 Consider a rate R = 1/2 convolutional space­
time code over GF(p), p a prime, If the generator matrix G 
is in accordance with Lemma I, then the full rank condition 
is guaranteed. 

Proof Assume the generator matrix G is in accordance 
with Lemma L and consider an arbitrary pair of codewords c 
and e of length 21 symbols. Then, equation (7) results in: 

Ibzl" 
o ~ ]), 

(14) 

where 

1-1 
" CJ)0i = (e:;: - c:;: , b, = (e} - cn, f = L ', bi I2 , 

'i=2 

1-1 

and	 d= LOib1. 
1=2	 i=2 

(15) 

From Lemma 1, we have that 10112 > a and Ibl 1 
2 > O. By 

Schwarz inequality, 

(16) 

and thus fh ~ \dl2 . Since f ~ a and h ~ 0, we must have 
that: 

det =101121b112 + 10112 f + l,bl 
2h + fh -ld]2 > a, (17)1 

1 "-v-" '--v--" '-v--' '-v-----"
 
>0 2:0 2:0 2:0
 

which guarantees the full rank condition. • 
4.	 CODE SEARCH RESULTS 

In this section, we present some examples of 2-space-time 
codes generated by a rate R = 1/2 linear convolutional 
encoder over GF(5) and GF(7). The restrictions derived in 
the previous section are applied to the convolutional encoder 
(i.e., gh,l I- 0, gO,2 I- a and gO,l = gK,2 = 0) to guar­
antee the full rank condition. The minimum determinant is 
then maximized. We begin with examples of unit-memory 
encoders. 

. Example 1 Consider the 5-PSK constellation in Fig. 3(a). 
Following the restrictions of the previous section, the unit­
memory convolutional encoder over GF(5) has generator 
matrix G(D) = [gl.lD, gO.2]. These codes have diversity 
gain 2, with spectral efficiency of 2.32 b/s/Hz; In performing 
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10 12 14 II 13 

22022242123 

33032343133 

44042444143 

Figure 4. 2-space-time code for 5-PSK, 2.32 b/s/Hz, (convo­
lutional encoder: GF(5), R = 1/2,1\ = 1). 
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250 55 53 51 56 5-l 52 

,)0,)5.)3,)] ,)6 ,),),)2 

.)303533 31 363,) 32 

520 25 23 21 26 2-l 22 

10[5131116],)12 6 

Figure 5. 2-space-time code for 7-PSK, 2.81 b/s/Hz, (convo­
lutional encoder: GF(7), R = 1/2,1\ = 1). 

a code search, we made 91.1 and gO.2 to vary over all nonzero 
elements in GF(5), resulting in 16 different codes. The min­
imum determinant of A(c, e) for each code is listed in the 
matrix D(gl.l, 90,2) below: 

2,23 2,23 
1,," )C,38. 2,23 1,38 1,38 2,23 

D(gl,l, 90,2) = 2,23 1,38 1,38 2,23 ' 
1,38 2,23 2,23 1,38 

where 91,1 is the row index and 90,2 is the column index. 
Clearly, the best code is obtained with.for instance, 91.1 = 

1 and gO.2 = 2. This code has coding gain 2.23. The trellis 
of this code is shown in Fig.4. 

In this and in the following trellises, each pair of symbols to 
the left of the trellis indicates the signal transmitted over the 
first and the second antennas, respectively, and the label to 
the right of the trellis indicates the state of the encoder. 

Example 2 Now consider the signal constellation 7-PSK in 
Fig. 3( b J. Again, we consider a unit-memory encoder satisfy­
ing the conditions ofSection 3. We thus have diversity gain 2, 
with spectral efficiency of 2.81 b/s/Ht: Similarly to Example 
1, we obtained the matrix D(gl.l, gO.2) as 

0, 75 1, :3·5 L 3,5 1,35 1. 3,5 0.,5 
1. 3,5 O.75 1. 3,5 1. :3,5 0.75 1.3,5 
1. 3,5 1. 35 0.,,5 o. ,,5 1. 3,5 1,3,5

D(g,1.g02)= 1.3.5 1. 3,5 0.,,5 0.7.5 1.3.5 1.3.5[ ]1 35 0.75 1.3,5 1. ,3,5 0.7,5 1) :35 
0.75 1. .3.5 1. 35 1. 35 1. 3,5 0.7,5 

0002040103 
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Figure 6. 2-space-time code for 5-PSK, 2.32 b/s/Hz, (convo­
lutional encoder: GF(5), R = 1/2, I{ = 2). 

The best code is obtained with, for instance, 91.1 = 6 and 
90,2 = 5. Tills code has coding gain 135. The trellis of this 
code is shown in Fig.5. 

Example 3 Here we extend Example 1 to the case of 
volutional encoder ofmemory order 1\ = 2 over GF(5). 11!W 

is, the convolutional encoder has generator matrix G(D) = 
[91,lD + g2,1D2, gO.2 + g1,2D], For this case, one best code 
is generated by 91.1 = 2, 92,1 = 1, gO.2 = 2, and 91,2 = 4 
(see trellis in Fig, 6). The coding gain of this code is 4A7. 
The diversity gain and the spectral efficiency are the same as 
those in Example 1. 

Example 4 In this example, we consider a convolutional 
encoder of memory order K = 2 over GF(7). Similarly 
to Example 2, the generator matrix is G(D) = [91.1D + 
g2,1D2,90.2 + g1,2D]. The multipliers set as g1,1 = 3, 
92.1 = 2, 90,2 = 1, and g1.2 = 3 produce one best code. 
The trellis description for this code is shown in Fig. 7. The 
coding gain is 3.74, while the diversity gain and the spectral 
efficiency are the same as those in Example 2. 

It should be noticed that the two matlices D(91,1, gO.2) 
above, for the cases of unit-memory convolutional codes over 
GF(5) and GF(7), are symmetric. We prove next that such a 
symmetry holds true for any field GF(p), p a prime, and any 
encoder memory K. Tills fact can be used to limit the code 
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Figure 7. 2-space-time code for 7-PSK, 2.81 b/s/Hz, (convo­
lutional encoder: GF(7), R = 1/2, K = 2). 

search even further, for the cases of larger values ofp and K. 

Theorem 2 Consider the space-time system model in Fig. 
1. Let G(D) = [GdD), G2(D)] be the generator ma­
trix of a rate R = 1/2 convolutional code over GF(p), p 
a prime, with code generators G 1(D) = gO,l + gl.lD + 
g2,lD-? + gK,lD K and G2 ( D ) gO.2 + gl.'2D + 
g2,2D2 + gK,zDK. The space-time convolutional code 
generated by G(D) has the same diversity gain and cod­
ing gain as the space-time convolutional code generated b» 
the generator matrix G(D) = [G 1(D ), G2(D )], with code 

K 1)generators G
~ 

1(D) = ~ 
D G1(D- = gK.2 + gK-l.'2D + 

gK_2,2D2 ... + gO,2DK and G2(D ) ~ D KG2(D- 1) 

gK,l + gK-1,lD + gK_2,lD2 ... + go,lD K. 

Proof' Consider the convolutional encoder of Fig. 2, 
for the code generators G 1(D) and G2(D). Let the cur­
rent state be c , = [U1,U2, ... ,UK], where u.; E GF(p) , 
i = 1,2" .. ,K. The input symbol U o causes the state tran­
sition a, ----. 0' f = [u o , U1, ... , UI{ -1] and the coded outputs, 
VI and v 2, are: 

K 

",1 ~'U 9 
L = L' p' ,1.1 (18) 

f-l=0 

and 
K 

2 v = I: uf-l . gf-l,2' (19) 

f-l=O 

For the code generators G1 (D ) and G2 (D ), suppose that 
the current state is as = [v 1, U2, ... ,UK]. In this case. the 
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input symbol v'o causes the state transition as af 

[u o , Ul, ... , VK -1] and the coded outputs, D1 and £12, are: 

K 

v~1 = I:'U· gc._ ') (20)f-l f-l.­H 

f-l=0 

and 
K 

2v = I: Up' gK-f-l 1· (21) 

f-l=O 

When 1.1, = UI; -i, for i = 0,1,2, ... , K, the coded outputs 
VI and v2 are, respectively, c,2 and VI. and the correspond­
ing state transition is as = [1.1I'-1"",'U1,1.10] ~ af = 

[UK, ... , U2, '111]' The code generated by G(D) is called the 
reciprocal code of the code generated by G(D). It follows 
that for every pair of space-time codewords 

c= cici ... c?dc~ ... c~··· cfcf ... cl" 

and 
e = eiei ... e~'e~e~ ... e~ ...efef ... ei 

in the original code, there is a pair of space-time codewords 

and 

in the reciprocal code. Since both pairs of codewords yield 
matrices B(c,e) with the same rank and the same determi­
nant, the two space-time codes must have the same diveristy 
gain and coding gain. 

• 
5. SIMULATION RESULTS 

In this section, we present simulation results for the four 
2-space-time codes designed in the last section. We consider 
the cases of m = 1,2,3 receive antennas and frame length 
I = 130 symbols. 

Figure 8 shows the frame error rate (FER) versus the 
signal-to-noise ratio (SNR), in decibels, for the codes con­
structed over GF(5), with K = 1,2. As we can predict from 
(6), for the same number of receive antennas, the code with 
memory order K = 2, and coding gain 4.47, has a better 
performance than the code with unitary memory, and coding 
gain 2.23. With the increase in the number of receiving anten­
nas, the performance is ameliorated for both cases, K = 1,2, 
while the relative advantage of the code with memory order 
K = 2 is magnified. Again, this behavior can be induced 
from (6). 

In Figure 9 we have the same comparisons as in Figure 
8, but this case for the codes constructed over GF(7). As in 
Figure 8, the results are in accordance with (6), what validates 
our code construction method and search results. 

6. FINAL COMMENTS 

In this paper, we considered space-time convolutional 
codes over GF(p) for the quasi-static, flat Rayleigh channel. 
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Figure 8. Frame error rate (FER) versus signal-to-noise ratio 
(SNR) for the 2-space-time codes for 5-PSK with J( = 1,2 
and m = 1,2,3 receive antennas. 
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Figure 9. Frame error rate (FER) versus signal-to-noise ratio 
(SNR) for the 2-space-time codes for 7-PSK with J( = 1,2 
and m = 1,2,3 receive antennas. 

The codes were designed to provide the best performance ac­
cording to the rank and the determinant criteria derived by , Tarokh et. al.. Simple conditions on the generator matrices 
of a rate 1/2 convolutional code were given that guarantee 
maximum diversity advantage for 2 transmit antennas. 

New space-time convolutional codes for 2 transmit anten­
nas for the 5-PSK and 7-PSK constellations were presented. 
Spectral efficiencies of 2.32 and 2.81 b/s/Hz, respectively, 
were achieved, providing more options than the usual 2 and 
3 b/s/Hz. 

Simulation results in the form of frame error rate ver­
sus signal-to-noise ratio were reported for these codes for 
m = 1,2,3 receive antennas. The corresponding coding and 
diversity advantages were verified, in agreement with the the­
oretical results presented in Section 3. 

The space-time codes presented in this paper could be 
found with a reduced computer search, due to the linearity of 
the convolutional codes, the restrictions derived in Section 3, 

and the symmetry of the matrix D in Section 4. Specifically, 
an exhaustive code search for the cases of the examples in 
Section 4 would need to check a huge number ( O(p (pIC 2p ) ) ) 

of codes. By considering the convolutional codes which sat­
isfy the conditions of Theorem 1, one would need to check 
only O(pU,) codes. The number of codes that have to be 
checked can be reduced further if one takes the symmetry of 
Theorem 2 into account. For instance, in Example 1 only 10 
candidates were checked and, for the more complex case, in 
Example 4, there were 735 candidates. These advantages be­
come more significant as the memory order increases, allow­
ing good codes to be obtained with relatively low computer 
effort. 

The fact that p is not a power of 2 may pose as a prob­
lem if transmission of binary data is required. We tackle this 
problem by associating a different word of n p p-ary symbols 
to each word of 712 bits, where p"P > 2"2. The spectral 
efficiency is n2/np < 10g2(p) b/s/Hz, that is, there is a per­
centualloss of 

1 - n-.- )] x 100.[ ( n p 10g2{p) 

Clearly this loss is minimized by maximizing the relation 
llo , where p"p > 2"2. For instance. consider that, in 

71p I082(P) 

the case of the 5-PSK constellation, each word of ri 2 = 9 bits 
is associated to a different word of 7l p = 4 symbob.:'hen, 
the spectral efficiency will be 2.25 b/s/Hz, producing a loss 
of only 3%. 
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